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Goal

In many presentations of the baseline RSA model, the speaker’s communicative goal is to communicate a
world. This corresponds to the special case where speaker is taken to be fully informed about some underlying
issue in terms of which worlds are individuated. In order to go beyond this special case, the standard RSA
model characterizes the speaker’s epistemic state in terms of a probability distribution over possible worlds.
More specifically, the speaker is supposed to choose a message given an observation she made, and the
speaker’s goal is to pick a message such that the listener’s posterior distribution over pairs < w, o > (where
w is an ‘objective’ world and o is an observation the speaker made) will be as close as possible to her own
distribution, where ‘closeness’ is measured in terms of expected surprisal or Kullback-Leibler Divergence.1

In this note I prove that the standard RSA model, which involves a utility function based on ‘expected
surprisal’, can be formulated in a much more simple way, and that this new version of the RSA model
is fully equivalent to the standard one. Essentially, in the revised version, the speaker’s goal is simply to
communicate her observation. Furthermore, the level-1 speaker can be modeled in a way that makes the
relationship with the classical Gricean approach more transparent than in the standard definitions, namely
as being constrained by the maxim of quality (don’t use a message that is not entailed by your observation)
and quantity (among the messages that are entailed by your observation, pick the one whose meaning is the
most informative, i.e. the most surprising one2).

This note is structured as follows. In Section 1, I present the revised version of the RSA model. In section
2, I present the standard RSA model. In section 3, I prove that the two models are equivalent. Contrary to
standard presentations, the recursion starts at S1 instead of L0, but our S1 is in fact fully equivalent to the
one defined in standard RSA in terms of L0.

1 Simplified Model

Set-up

The model includes . . .

1. A prior distribution P over pairs < w, o >, where w can be viewed as ranging over ‘objective worlds’,
and o over observations that the speaker can in principle make. P (. . . |o) thus represents the epistemic

1The choice between using expected surprisal or Kullback-Leibler Divergence in order to define the speaker’s utility function
is immaterial, as the two resulting functions will differ by a term that is independent of the message, which makes no difference
for the output of the SoftMax function used to define the speaker’s behavior. Cf. Section 3 where this ‘translation invariance’
property of the SoftMax function is proved.

2Of course, the speaker is modeled as not being fully rational, so the truly correct formulation is: ‘the more surprising a
message’s meaning is among those that respect Quality, the more likely is the speaker to use it’.
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state of a speaker who has observed o. One can in fact think of o as representing the speaker’s epistemic
state.

2. A set of messages, each of which is associated with a function that maps objectvive world w to 1 or 0.
If u is a message, JuK(w) notates the output of this function when applied to world w, and JuK is the
set of worlds w such that JuK(w) = 1

3. A cost function c which maps every message to a real number

4. A temperature parameter λ, a non-null positive real number

Recursive Definition of Listeners and Speakers

1. U1(u|o) =

{
−∞ if there exists a world w such that P (w|o) > 0 & JuK(w) = 0 [Quality]
− log(P (JuK))− c(u) otherwise. [Quantity]

2. For any n ≥ 1, Sn(u|o) ∝ exp(λ.Un(u|o))

3. For any n ≥ 1, Ln(o|u) ∝ P (o).Sn(u|o)
(Note that P (o) =

∑
w′

P (w′, o))

4. For any n ≥ 2, Un(u|o) = log(Ln−1(o|u))− c(u)

We can recover the posterior joint distribution of the listener over < w, o > as follows:

Ln(w, o|u) = P (w|o)× Ln(o|u),with P (w|o) =
P (w, o)

P (o)
=

P (w, o)∑
w′
P (w′, o)

We then get, as in the ‘standard’ RSA model presented in the next section:

Ln(w, o|u) ∝ P (w, o).S(u|o)
The posterior marginal distribution over w is then given by:

Ln(w|u) =
∑
o

Ln(w, o|u).

2 Standard formulation of the RSA model

The standard formulation of the RSA model (Goodman and Stuhlmüller 2013, Bergen et al. 2016) is as
follows, starting here from S1.3 We note U∗ the utility function used in the standard RSA model.4

1. U∗1 (u|o) =
∑
w
P (w|o). log

(
P (w, o).JuK(w)

P (JuK)

)
− c(u)

2. For any n ≥ 1, S∗n(u|o) ∝ exp(λ.U∗n(u|o))

3. For any n ≥ 1, L∗n(w, o|u) ∝ P (w, o).S∗n(u|o)

4. For any n ≥ 2, U∗n(u|o) =
∑
w
P (w|o). log(L∗n−1(w, o|u))− c(u)

3This is equivalent to the standard formulation, in which L0(w, o|u) =
P (w).JuK(w)

P (JuK)
, and U∗1 (u|o) =∑

w
P (w|o). log(L0(w, o|u))

4As is standard, we adopt the convention that when P (w) = 0, the term P (w|o). log

(
P (w).JuK(w)

P (JuK)

)
is itself equal to 0,

justified by the fact that lim
α→0

α. log(α) = 0
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3 Equivalence between the two models

In order to order to prove the equivalence between the two systems, it is sufficient to prove the following
result for every level or recursion n

(1) For every observation o, there exists a real number K(o) such that for every message u, either
U∗n(u|o) = Un(u|o) = −∞, or U∗n(u|o)−Un(u|o) = K(o). In other terms, relative to a fixed observation
o the difference between the utilities as defined in both system does not depend on the message.

This result is sufficient to establish that for every n, S∗n = Sn. This is due to a property of the SoftMax
function known as translation invariance: adding a constant term to a set of values does not change the
output of the SoftMax function when applied to members of this set. Let us now prove this.

Proof that (1) entails S∗n = Sn

Let assume that (1) is true. If U∗n(u|o) = Un(u|o) = −∞, then obviously, S∗n(u|o) = Sn(u|o) = 0. We can
then focus on the case where, for every u whose utility is not −∞, U∗n(u|o)− Un(u|o) = K(o) (where K(o)
does not depend on u). We have, for every u and o:

S∗n(u|o) =
exp(λ.U∗n(u|o))∑

u′
exp(λ.U∗n(u′|o))

In the sum that defines the denominator, we can ignore all the terms which are equal to 0, and therefore keep
only the terms defined in terms of a message u′ such that U∗n(u′|o) is not −∞ (because exp(λ× (−∞)) = 0).
Let us call S(o) the set of such messages. Since we assume (1), S(o) is also the set of messages such that
Un(u′|o) is not −∞. We have:

S∗n(u|o) =
exp(λ.U∗n(u|o))∑

u′∈S(o)

exp(λ.U∗n(u′|o))

=
exp(λ.(Un(u|o) +K(o))∑

u′∈S(o)

exp(λ.(Un(u′|o) +K(o))

=
exp(λ.K(o)× exp(λ.Un(u|o))
exp(λ.K(o)).

∑
u′∈S(o)

Un(u′|o)

=
exp(λ.Un(u|o))∑

u′∈S(o)

exp(λ.Un(u′|o))

= Sn(u|o)

We now prove the general result by induction.

Base-case

We first prove the result for n = 1.
Let us fix o and u. First, note that if there exists w such that both P (w|o) > 0 and JuK(w) = 0, then in the
sum that defines U∗1 (u|o), there is a term in which log takes 0 as its argument, making this term equal to
−∞, and therefore making the whole sum as well equal to −∞, hence equal to U1(w|o).

We now assume that this is not the case, i.e. that for every w such that P (w|o) > 0, JuK(w) = 1. Then
for every world w, either P (w|o) = 0 and the corresponding term in the sum is 0 no matter what the value
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of JuK(w) is, or P (w|o) > 0 and then JuK(w) = 1. This means that we can get rid of the factor JuK(w) when
computing U∗1 (u|o):

U∗1 (u|o) =
∑
w

P (w|o). log

(
P (w, o)

P (JuK)

)
− c(u)

=
∑
w

P (w|o).[log(P (w, o))− log(P (JuK)]− c(u)

=
∑
w

P (w|o). log(P (w, o))−
∑
w

P (w|o). log(P (JuK)− c(u)

=
∑
w

P (w|o). log(P (w, o))− log(P (JuK).
∑
w

P (w|o)− c(u)

=
∑
w

P (w|o). log(P (w, o))− log(P (JuK)− c(u)

Now, recall that assume that for every w s.t. P (w|o) > 0, JuK = 1. Given the definitions in Section
1, U1(u|o) = log(P (JuK)) − c(u). Therefore, U∗1 (u|o) − U1(u|o) =

∑
w
P (w|o). log(P (w, o)), which does not

depend on u.
Since the difference U∗1 (u|o) − U1(u|o) does not depend on u, we have proved that the statement in (1)

holds for n = 1 (by taking K(o) =
∑
w
P (w|o). log(P (w, o))), and we can conclude that for every u and o

S∗1 (u|o) = S1(u|o). The identity of L∗1 and L1 straightforwardly follows from the fact that that L∗1(w, o|u)
and L1(w, o|u) are defined in exactly the same way.

Inductive step

We now assume that the result holds up to some integer n (induction hypothesis) and need to prove that
it holds for (n+ 1). Importantly, the induction hypothesis is that for every m ≤ n, for any w, o, u, we have
S∗m(u|o) = Sm(u|o) and L∗m(w, o|u) = Lm(w, o|u).

We define, for any level or recursion m, the functions α∗m(u) and αm(u) as follows:

α∗m(u) =
1∑

w′,o′
P (w′, o′).S∗m(u|o′)

αm(u) =
1∑

w′,o′
P (w′, o′).Sm(u|o′)
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We can rewrite the equations for the listener, in both systems, as follows:

Lm(o|u) =
P (o).Sm(u|o)∑

o′
P (o′).Sm(u|o′)

=
P (o).Sm(u|o)∑

o′
(
∑
w′
P (w′, o′)).Sm(u|o′)

=
P (o).Sm(u|o)∑

o′

∑
w′
P (w′, o′).Sm(u|o′)

=
P (o).Sm(u|o)∑

w′,o′
P (w′, o′).Sm(u|o′)

= P(o).Sm(u|o).αm(u).

and

L∗m(o|u) = P(w,o).S∗m(u|o).α∗m(u)

Note that by the induction hypothesis, for any m ≤ n and for any u, α∗m(u) = αm(u).

We then have, for any u and o:

U∗n+1(u|o) =
∑
w

P (w|o). log(L∗n(w, o|u))− c(u)

=
∑
w

P (w|o). log[P (w, o).S∗n(u|o).α∗n(u)]− c(u)

=
∑
w

P (w|o).[log(P (w, o)) + log(S∗n(u|o)) + log(α∗n(u))]− c(u)

=
∑
w

P (w|o). log(P (w, o)) + log(S∗n(u|o)).
∑
w

P (w|o) + log(α∗n(u)).
∑
w

P (w|o)− c(u)

=
∑
w

P (w|o). log(P (w, o)) + log(S∗n(u|o)) + log(α∗n(u))− c(u)

We also have:

Un+1(u|o) = log(Ln(o|u))− c(u)

= log[P (o).Sn(u|o).αn(u)]− c(u)

= log(P (o)) + log(Sn(u|o)) + log(αn(u))− c(u)

Given the induction hypothesis, for any u and any o, Sn(u|o) = S∗n(u|o) and α∗n(u) = αn(u).
Now, for any u and any o, either U∗n+1(u|o) = U∗n+1(u|o) = −∞ (if α∗n(u) = α(u) = 0 or S∗n(u|o) = Sn(u|o) =
0), or the difference between U∗n+1(u|o) and U∗n+1(u|o) is the following (all the terms that depend on u, being
equal, cancel each other):

U∗n+1(u|o)− Un+1(u|o) =
∑
w

P (w|o) log(P (w, o))− log(P (o))

This difference does not depend on u.

For every o, let us define K(o) =
∑
w
P (w|o) log(P (w, o)) − log(P (o)). We have just proved that for ev-

ery o there exists a quantity K(o) such that for every message u, either U∗n+1(u|o) = Un+1(u|o) = −∞ or
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U∗n+1(u|o)−Un+1(u|o) = K(o). That is, the statement in (1) holds at level n+ 1, from which it follows that
S∗n+1 = Sn+1.

The equality of L∗n and Ln then follows straightforwardly from the fact that they are defined in the same
way, in terms of Bayes’ rule.

QED.
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