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Abstract. The paper scrutinizes the very notion of extension, which is
central to many contemporary approaches to natural language semantics.
The starting point is a puzzle about the connection between learnability
and extensional compositionality, which is frequently made in semantics
textbooks: given that extensions are not part of linguistic knowledge,
how can their interaction serve as a basis for explaining it? Before the
puzzle is resolved by recourse to the set-theoretic nature of intensions, a
few clarifying observations on extensions are made, starting from their
relation to (and the relation between) reference and truth. Extensions are
then characterized as the result of applying a certain heuristic method for
deriving contributions to referents and truth-values, which also gives rise
to the familiar hierarchy of functional types. Moreover, two differences
between extensions and their historic ancestors, Frege’s Bedeutungen,
are pointed out, both having repercussions on the architecture of com-
positional semantics: while the index-dependence of extensions invites
a weak, unattested form of ‘non-uniform’ compositionality, Bedeutungen
do not; and while the former are semantic values of expressions, the latter
pertain to occurrences and, as a result, give rise to a universal principle
of extensional compositionality. However, unlike extensions, they are of
no help in resolving the initial mystery about learnability.

Keywords: Extensions · intensions · truth · reference · compositional
semantics · Frege · Carnap · Montague.

1 A Puzzle about Extensions

The following mystery has been part of the linguists’ agenda ever since the
beginnings of generative grammar (cf. [6]):

(Q1) How come speakers can identify indefinitely many linguistic expressions?

According to generative folklore, grammars come with (a characterisation of)
finitely many primitive elements, from which finitely many operations (or rules)
derive ever more complex expressions in a stepwise fashion. The details of this
process are moot, as is the nature of the elements involved – strings, trees,
derivational histories, or what have you. However, there is general agreement
that the syntax of a given language largely comes down to an inductive definition
of its expressions.1 Hence identifying the expressions of a language only requires

1 I shun Chomsky’s [6, p. 24] possibly more restrictive term ‘recursive device’ for
reasons given in [55, p. 307].
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speakers to know finitely many primitives and finitely many ways of combining
them – which lets (Q1) appear far less mysterious.

Inductive definitions, then, help mitigating potential learnability worries in
syntax. But semantics is plagued with similar problems. Indeed, ever since the
early days of generative grammar, (Q1) has been extended from the individuation
of linguistic forms to their interpretation (cf. [26]):

(Q2) How come speakers can grasp the meanings of indefinitely many linguis-
tic expressions?

There appears to be wide agreement within the semantic community that at
least one natural and plausible strategy of accounting for (Q2) is by way of
compositionality :

(C) The meaning of a compound expression derives from combining the mean-
ings of its immediate parts.

The details of (C) are open to debate. In particular, the pertinent part-whole
relation may be determined by surface syntax or on a separate (syntactic) Logical
Form level. However, as long as it is well-founded and the number of ultimate
parts and ways of combining them is finite, then so is the knowledge speakers
need to acquire in order to interpret the expressions of a language, thus resolving
part of the mystery (Q2).

There are other ways of accounting for (Q2) than adopting (C), as there
are other reasons for adopting (C) than accounting for (Q2).2 However, intro-
ductory textbooks usually do make a connection between the two, motivating
compositionality by appeal to learnability.3 Yet when it comes to the specifics
of semantic analysis, meanings quickly give way to semantic values that are
especially tailored for the process of meaning composition and devoid of any
distracting additional features. Characters and intensions are cases in point:
they determine truth and reference (more about which in the next section),
but they avowedly leave the expressive dimension of meaning out of account,
given that it does not interfere with the compositional process.4 According to
the truth-conditional approach, their knowledge is part of language mastery.
Indeed, inasmuch the conditions under which a sentence S of a language L is
true can be modeled by a set of points in Logical Space, knowing what S means
amounts to knowing which proposition S expresses – i.e. its intension. In general,
though, this requires additional contextual knowledge, on top of mastering L: the
character of S, which is known to any L-speaker, only determines S’s intension
given a context of utterance. However, speakers cannot always be expected to be
acquainted with all aspects of the utterance context that are needed to identify
the intensions of deictic expressions. But they may be expected to know in what

2 See [22, sec. 4] and [53, sec. 3], respectively.
3 See, e.g., [10, pp. 4–10]; [21, p. 2f.]; [5, pp. 6–8]; [62, p. 58f.].
4 I am assuming familiarity with the basic architecture of two-dimensional semantics

along the lines of [25]. As to expressive meaning and its relation to compositional
values, see [19, sec. 7].
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way the intensions of expressions depend on the utterance context, which is why
a slightly more involved version of (C) is called for in the general case:

(Cχ) The character of a compound expression derives from combining the
characters of its immediate parts.

The compositionality of characters (Cχ) suggests a straightforward route to a
partial answer to (Q2): as far as those parts of meaning that determine truth and
reference are concerned, speakers can acquire them by associating a character
with each of the finitely many words in the lexicon and an operation on characters
with each of the finitely many ways of forming compound expressions from their
immediate parts. Moreover, (Cχ) has an interesting consequence for the large
fragment of eternal expressions that do not contain any deictic (or, more gen-
erally, context-dependent) expressions whose intension will be the same across
all contexts. Hence speakers of L can identify the intension of a sentence S on
the basis of their knowledge of S’s character and thus solely in virtue of their
linguistic competence. Since the same goes for S’s sub-expressions, the following
adaption of (C), with the superscript indicating its restricted range, may indeed
help providing a partial answer to (Q2):

(C−ι ) The intension of an eternal compound expression derives from combining
the intensions of its immediate parts.

To begin with, the intensions of all non-deictic words are known to all speakers,
as the values of the (constant) characters they have learned to associate with
these words. Moreover, to combine the intensions of eternal expressions, speakers
may apply the pertinent character combinations to the values of the (constant)
characters of their parts and then obtain the value of the resulting (constant)
character. Hence as far as the intensions of eternal expressions are concerned,
speakers can acquire them as a by-product of acquiring the compositional inter-
pretation of their characters.

It should be noted that it is crucial for the above reasoning about (Cχ) and
(C−ι ) that characters and, as a consequence, (some pertinent) intensions are
known to speakers by virtue of their language mastery. Given this assumption,
there is nothing per se wrong with trading meanings for semantic values when
making a connection between compositionality and learnability. However, the
semantic values that usually enter the equations and adorn the analysis trees in
the semantic literature are neither characters nor intensions, but extensions. In
particular, textbooks tend to feature a principle of extensional compositionality
that holds throughout a large, extensional fragment of any language:

(C−ε ) The extension of a compound extensional expression derives from com-
bining the extensions of its immediate parts.

More often than not, though, the extension of an expression is unknown to the
majority of speakers. As a case in point, given that the extensions of (declar-
ative) sentences are their truth-values, knowing them all would come close to
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omniscience – hardly a prerequisite to linguistic proficiency. To be sure, (C−ε )
is not supposed to apply to all expressions of a given language. As Frege [15]
famously pointed out, the principle stops short at attitude reports and other
(nowadays called) intensional environments. However, a substantial part of lan-
guage does respect (C−ε ), and it this extensional fragment that introductory
semantics courses use as their didactic starting point. Still, restricting (C−ε ) to
extensional environments does not bring it closer to linguistic (as opposed to:
empirical) knowledge: even though all parts of a sentence like No planet outside
our solar system contains plants conform to (C−ε ), the extensions of some of
them are unknown to speakers of English. Hence the connection between (C−ε )
and (Q2) is not as straightforward as in the case of (Cχ) and (C−ι ). This, then,
is the puzzle announced in the section header:

(P) How does the compositionality of extensions bear on speakers’ ability to
grasp the meanings of indefinitely many linguistic expressions?

As it turns out (and the reader may already have noticed), (P) is not a substantial
problem; a straightforward solution will be presented in due course. So why
bother? Two reasons. For one thing, it is important to realize that there is a
gap between motivating the compositionality of meaning in terms of learnability
on the one hand, and observing the compositionality of extensions throughout a
large portion of language on the other. Anyone who follows this line of reasoning
should therefore be prepared to address this gap and close it; in particular,
those of us who teach semantics at an introductory level ought to be aware of
this commitment. For another thing, and perhaps more importantly, in order to
address (P) one needs to have a clear understanding on what extensions are in
the first place, arriving at which is the principal aim of this paper.

In the main body of this paper the very concept of extension will be scruti-
nized and teased apart from various related yet importantly distinct construc-
tions. More specifically, Sections 2 and 3 address what I (and others) take to be
the core of the theory of extension and intension. The discussion will be mostly
in line with [35] and [36]. In particular, it will be based on the possible-worlds
version of intensions (and thus certain extensions: see below), rather than Car-
nap’s [4] original state descriptions. Moreover, extensions will not be sharply
distinguished from Frege’s [15] Bedeutungen, since much of what will be said
applies to both concepts alike. Some less obvious differences will, however, be
addressed in Section 4. The final section returns to the puzzle about (C−ε ). As it
turns out, unlike Carnapian intensions, Fregean Bedeutungen stand in the way
of a straightforward answer to (Q2).
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2 Truth and Reference

2.1 Extension and reference

The term Bedeutung as used by Frege is commonly rendered by reference.5 In-
deed, in certain prototypical cases, an expression does refer to its extension.
However, there are at least two reasons why the two notions of reference and
extension are better kept apart:

– For one thing, an expression may have an extension that is distinct from
its referent. Names and descriptions, if analysed as quantifiers, are cases in
point. Thus, for instance, to say that the extension of the name Batumi is the
set of all sets (of individuals) that contain the city of Batumi as a member
does not mean that that name refers to a set, let alone that that city is a set.
Rather, Batumi is the name of a city, and it is that city that the name refers
to. However, there is a close relation between the referent and the extension
of the name: the latter determines the former in a canonical way. In fact,
part of the predictive power of semantic theory rests on the fact that at least
the referents of some expressions can be gleaned from their extensions – even
if they do not coincide with them.6

– For another thing, many linguistic expressions do not have a referent in the
first place, and assigning them an extension does not make them refer to it
(or anything else, for that matter). Determiners and (declarative) sentences
are cases in point. It is hard to see what is won by proclaiming disjointness
the referent of no. And even though it is a constitutive feature of the theory of
extension and intension (as I understand it) that the extensions of declarative
sentences are truth-values, saying that two plus two equals four refers to the
same object as the description the truth-value of all tautologies is at best a
puzzling or eccentric way of speaking but certainly not a result of semantic
or conceptual analysis (cf. [56, p. 179]).

5 – at least since the first English edition [17] of [15], due to Max Black. Later trans-
lations traded reference for the even more unfortunate term meaning (the closest
English cognate of Bedeutung in ordinary German), thus making the English text as
rough a read as the original; see [2] for the whole history. In his defense of Black’s
original translation, Bell [3, p. 193] speculates that ‘employing everyday if some-
what misleading words, [Frege] believed that fewer readers would be repelled and
his works would gain a wider audience’. I concur, but then Montague’s [35], [36] and
Putnam’s [44] use of extension for Bedeutung, philologically questionable though it
may be, fares even better in view of the fact that it lacks any non-technical meaning
or connotation. Of course, Carnap [4, §29] had scrupulously laid out the differences
between his distinction and Frege’s.

6 See [57] for more on the distinction between theory-internal values like extensions
and their relation to theory-external objects like referents. To be sure, all this is
about semantic reference – a concept whose coherence I do not wish to dispute
but that needs to be distinguished from the purely pragmatic concept of speaker’s
reference; cf. [31].
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So rather than stretching the notion of reference beyond recognition, one should
only apply it where it makes immediate sense. This certainly includes the indi-
vidual reference of proper names and definite descriptions, but also the divided
reference of common nouns and sentence predicates, which may be construed
as distributing individual reference across their extensions.7 However, it clearly
does not extend to sentences and their truth-values. If a less misleading cover
term for both is needed, extension does not appear to be the worst choice, even
as a translation of Bedeutung. For the most part of this paper, excepting Section
4, I will follow this tradition and also use the same notation for both, writing
‘JAKi’ for the extension of expression A relative to an index i (= world, time,
world-time pair,. . . ).

Why would anyone want to put truth-values and referents in the same cat-
egory?8 To be sure, both concern and depend on the objects linguistic expres-
sions are about. Moreover, the syntactic environments in which substitution of
co-referential nominals preserve reference and truth-value seem to be the same
as those in which substitution of materially equivalent clauses do. Arguably, this
remarkable fact had been Frege’s primary motive to treat them on a par, but it
is hardly a clue as to why truth-values should be the sentential counterparts of
nominal referents. What, if anything, unifies the two? The answer to this ques-
tion depends on what is taken to be the prototypical case of reference. More
specifically, it is the difference between individual and divided reference that is
at stake. I will take the two options in turn.

2.2 Truth and individual reference

If the starting point for the motivation of truth-values is individual rather than
divided reference, the index-dependence of both the referents of definite descrip-
tions and the truth-values of sentences may be exploited to assimilate the latter
to the former. Given an index i, the phrase the open door refers to the sole, or
perhaps the most prominent, object in i that is a door and is standing open in
i.9 Identifying the extension of that description with its referent, one may char-
acterize Jthe open doorKi as that object in i that fits the description [the] open
door in i. Extrapolating from this example (and glossing over a lot of messy de-
tails), the following recipe for determining the extension of a definite description
D emerges, where the ι-operator is to be understood along Fregean lines.10

7 Quine, who introduced the term [45, pp. 8ff.], took divided reference to be epistemo-
logically prior to individual reference. Traditionally, the term extensio[n] has chiefly
been used for divided reference; cf. [18, p. 183ff.].

8 In a recent peper, Richard Heck and Robert May [20] offer an interesting reconstruc-
tion of Frege’s own motives, relating them to the analysis of (Boolean) connectives.

9 – or in any situation corresponding to i, given that in general indices are tuples of
situational parameters, in the sense of [58, sec. 8].

10 Cf. [21, p. 85, n. 14]). A Russellian construal of the definite article ([47], [36, p.
393]) would have to distinguish between extension and referent, but still provide the
same two possibilities, depending on whether the extension of the head noun is a
singleton.
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(1) JDKi = ιx. x is in i and x matches D at i

A straightforward way of adapting (1) to sentences S and their truth-values is
by taking them to refer to the entire index:11

(2) JSKi = ιj. j is in i and j matches S at i

(2) might be hard to parse, but it can still be made sense of. To begin with, the
containment relation between indices may be construed as identity, assuming
that no index can be part of another, distinct one (with a qualification to be
made in the next paragraph). Next, the notion of matching is naturally construed
by taking propositions expressed by sentences as sets of indices they are true of.
And the potentially alleged index-dependence of this match may either be taken
as redundant or as a result of diagonalizing a character.12 I concentrate on the
former option, if only to avoid two-dimensional complications, and reformulate
(2) as:

(3) JSKi = ιj. j = i and S is true of j

According to (3), the extension of a sentence S is the index i at which it is
evaluated – provided that S is true of i; otherwise the extension of S is undefined.
Hence one may identify the truth-values accordingly: the evaluation index i
corresponds to truth, whereas some default value # may mark absence of truth
as undefinedness. That the former comes out as situation-dependent while the
latter is not even a proper object ought to be regarded as cosmetic irritations
that should not blind anyone to the achievement of (2) and (3) that lies in
bringing out the parallelism between nominal and sentential extensions.

The reformulation (3) of (2) turns on the identification of index-inclusion
and identity. This may be natural for some construals of indices – worlds or
parameter-tuples, say – but it is a dubious move when it comes to a more nat-
uralistic evaluation of expressions relative to situations with rich mereological
structure. One way to go is to shift the starting point of the analogy between
referents and truth-values from (1), which is restricted to descriptions headed
by singular count-nouns, to (4), which also covers plurals and mass nouns and
takes the part-whole relation v into account (cf. [49, p. 612]):

(4) JDKi = ιx. x fits D in i and for all y: if y fits D in i, then y v x

The sentential counterpart of (4) can be obtained by confining the situations j
that fit a sentence S at a point i to parts of i:

(5) JSKi = ιj. S is true of j v i and for all k: if S is true of k v i, then k v j

As long as sentences S express ‘persistent’ propositions (as postulated in [28, p.
616ff.]), (5) will pick out i if S is true and nothing otherwise, as desired.

11 [60, p. 191]; see also [12, 86] and [33] for similar considerations.
12 More precisely, in a two-dimensional framework (2) could be the result of evaluating

the character [λi.λk.ιj. j is in k and j matches S at i] at context i.
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2.3 Truth and divided reference

Both (3) and (5) adapt to divided reference if the ι-operator is replaced by set (or
λ-) abstraction. However, a more compelling analogy between nominal referents
and truth-values emerges if sentence predicates are construed as (distributively)
referring to the (individual) referents of potential (singular) subjects: the pred-
icate snore thus (distributively) refers to all (singular) referents u of (singular)
subjects x of whom it can be truly said that x snores, which may be comprised
in one single set {u: u snores}. Although this identification of the referents of
verb phrases has come under attack since the days of Frege and Carnap, I will
stick to it here, if only for simplicity.13 In any case, the divided individual ref-
erence of sentence predicates does not directly extend to other kinds of verbal
constituents: transitive verbs like kiss distributively refer to pairs of individuals
and ditransitive verbs like give distribute their reference over triples, although
they side with transitives, once partially saturated with an (indirect) object, as
in give a student. Indeed, there is a familiar parallelism between the number n
of (nominal) arguments x1, . . . , xn of an n-place predicate P and the length of
the tuples (u1, . . . , un) it distributively refers to: the predicate kiss thus refers to
the pairs (u1, u2) that are the respective referents of subjects and objects such
that x1 kisses x2 holds true. More generally, the referents of n-place predicate
P may be comprised in its satisfaction set, which may in turn be identified with
its extension:14

(6) JP Ki = {(u1, . . . , un) | P (x1, . . . , xn) is satisfied by u1, . . . , un at i}

Since an n-place predicate may be construed as a sentence that lacks n (nominal)
arguments, a sentence may be construed as a 0-place predicate. Adapting (6)
to the limiting case n = 0 thus leads to the following characterization of the
extension of a (declarative) sentence S:

(7) JSKi = {( ) | S is satisfied at i}

Here ( ) is the (only) 0-tuple, which will be identified with the empty set ∅, and
satisfaction boils down to (index-relative) truth simpliciter, given that there are
no satisfiers. Hence the extensions of all true and all false sentences come out as
{∅} and ∅, respectively, and could thus be taken as the set-theoretic surrogates
of the truth-values.15

13 There are good reasons for analyzing verb meanings in terms of events, as famously
pointed out in [8]; [46] is an important predecessor – and the neo-Davidsonian ap-
proach in [41] an important successor. Even so, much of what will later be said about
extensions in general, also carries over to event semantics.

14 The parallelism also plays a role in Frege’s [14] construction of verbal extensions to
be addressed in the next section. The characterization (6) is reminiscent of Tarski’s
[54] account of predicate logic, as is the downward generalization (7), which was
made explicit in [4, §6-1]), but cannot be found in Frege’s writings, where individual
referents were taken as basic and predicate extensions were derived from them.

15 This is so because the set in (6) contains all (and only) the objects of the form
(u1, . . . , un) such that the clause to the right of the abstraction operator ‘|’ holds;
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3 Determining Extensions

Though the derivation of truth-values as extensions of 0-place predicates ap-
pears more cogent than their justification by analogy to the referents of definite
descriptions, I will follow semantic tradition and make the connection between
language and world in terms of truth and individual reference. The exponents of
this connection are truth-valuable sentences and referential terms, whose parts
systematically contribute to the truth-values and referents their have. Accord-
ing to Fregean tradition, they do so in a compositional way: the extensions of
sentences and terms – i.e., their referents and truth-values – are obtained by
suitably combining the extensions of their immediate parts, which in turn are
obtained by suitably combining the extensions of their parts, etc.16 For this to
work, all expressions, need to have extensions that they can contribute in the
composition process. What, then, are the of expressions that neither refer nor
have truth-values? The answer to this question is usually given by construing
contributions as functions:17

(FH1) 1st Fregean Heuristics cf. [14]

Unless determined independently, the extension of an expression X
is that function that assigns to every extension of a (possible) sister
constituent Y of X the extension of the mother constituent X + Y .

Applications of (FH1) abound and ought to be familiar from semantics text-
books; see, e.g., [21, chs. 2 & 6]. In particular, the extensions of (i) verb phrases,
(ii) transitives, (iii) ditransitives,. . . can be derived as (curried) (i) unary, (ii)

hence the set in (7), where n = 0, contains all (and only) the objects of the form ∅
such that S is satisfied (at i). So if S is true (at i), then JSKi contains all objects
of the form ∅, i.e. JSKi = {∅}, because there is only one such object, viz. ∅; but
if S is false (at i), then nothing (and a fortiori, nothing of the form ∅) satisfies
the clause to the right of ‘|’, and thus JSKi = ∅. It so happens that the two sets
∅ and {∅} are the set-theoretic representatives of the numbers 0 and 1, given the
standard ordinal construction by von Neumann [38] – or, in fact, Zermelo (cf.[11,
p. 133f.]). Moreover, in view of this representation, the truth-functional connectives
come out as the familiar set-theoretic Boolean operations on ∅ and {∅} – conjunction
as itersection, disjunction as union, etc.

16 This characterization of extensions generalizes the basis of Frege’s [13, p. x] infamous
context principle, according to which sentences should form the starting point of se-
mantic analysis, from truth-evaluability to referentiality. Without this generalization,
functional contributions risk becoming either indeterminate or non-wellfounded, in
view of the relativity of the function-argument relation (aka ‘flip-flop’ [42, p. 375]).
Though it is unlikely that this was Frege’s motive for generalizing truth-values to
reference, it is helpful for the set-theoretic construal of (FH1). For critical discussions
of the tension between compositionality and contextuality see [43] and [23].

17 Frege’s idea of ‘reifying’ contributions to semantic values is actually independent of
the choice of extensions and can also be used starting from truth-values and divided
referents, or even from individuals and propositions; in the latter case the so-called
‘Russellian’ hierarchy of denotations ensues, which turns out to be equivalent to (8)
below, by some suitable coding [24].
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binary, (iii) ternary,. . . relations. In all three cases, Y would be a referential
nominal, whose extension coincides with its referent. In case (i), X + Y is a
sentence with subject Y and predicate X, whose extension coincides with its
truth-value.18 For (ii), Y would be the direct object of X and X + Y would be
a verb phrase, whose extension has been determined by an earlier application of
(i); the result of (ii) could in turn be fed into (iii), where X + Y is a complex
transitive with indirect object Y ; and so on. As a result, the extensions obtained
for verbal constituents are curried versions of the divided referents assumed in
Section 2.3. Still, the truth-values cannot be derived in the same way, since they
have been taken for granted from the very first step (i) of applying (FH1).

Part of the power of (FH1) lies in the fact that it can be iterated ad libitum,
as illustrated in steps (ii) and (iii) above: once suitable extensions of one kind of
expression have been identified, the result can be fed into further applications of
(FH1), thus proceeding from immediate constituents to indirect ones. This way
a large number of ever more abstract extensions are obtained.

Some remarks on the status of (FH1) are in order. To begin with, it is not
part of semantic theory but merely a discovery procedure (in the sense of [6, p.
51]) that helps identifying possible candidates for contributions to referents and
truth-values. If everything goes well, it will output theoretical entities that may
play the role of extensions in a compositional account of the language under
scrutiny. In fact, as an immediate consequence of (FH1), the extensions of the
mother constituents X + Y locally satisfy (C−ε ) in that they can be obtained
from those of their immediate parts: JX+Y Ki = JXKi(JY Ki). Thus the success of
(FH1) as a strategy of determining extensions may lead to the impression that
functional application is a (cognitively or linguistically) privileged combination
of extensions, when it is actually the result of a specific way of reconstructing
(some) contributions to referents and truth-values in terms of (mathematical)
functions.

The procedure (FH1) is far from being perfect:

• It is not deterministic: which extension (FH1) outputs for a given expression
X depends on the syntactic environment in which it is applied. Quantifica-
tional nominals X like everyone are a case in point. Their extensions are
usually determined by taking the sister Y to be a verb phrase and X as its
subject so that the outcome is the familiar (characteristic function of a) set
of predicate extensions. However, in principle the procedure could also apply
where X is the object of a transitive verb, whence its extension comes out
as a function from binary to unary relations.

• Even arbitrarily many iterations of (FH1) need not cover all expressions X
of a given language, because no sister nodes Y and mothers X + Y can

18 Hence X+Y need not be the concatenation of (the terminal strings of) X and Y ; in
particular, the order may be reversed, and additional morpho-syntactic interactions
may take place. It should also be mentioned that binarity is not essential: (FH1) eas-
ily generalizes to n-ary constructions, where n ≥ 1. The derivation of the extensions
of coordinating conjunctions as binary connectives is a case in point.
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be found both of whose extensions have been identified before. The im-
mediate constituents of English determiner phrases like every person are
a case in point. Neither seems to be part of other syntactic constellations
that would allow determining its extension beforehand. Hence independent
considerations are required to find appropriate extensions, like the assumed
equivalence of nouns (person) and corresponding predicate nominals (be a
person).

• (FH1) fails to produce results in the absence of extensionality (aka exten-
sional substitutivity), when the extension of the mother node X + Y does
not depend on that of sister Y , as substitution of Y by some co-extensional
Z brings out: JX + Y Ki 6= JX + ZKi, though JY Ki = JZKi. Attitude verbs
like know and their clausal complements are a case in point: two materially
equivalent sentences Y and Z may lead to distinct sets of attitude holders
when embedded under the same verb.

It is, of course, the third imperfection that gave rise to an amendment of (FH1)
to save compositionality:

(FH2) 2nd Fregean Heuristics cf. [15]

In the absence of extensionality, the extension of X is that function
that assigns to every intension of a (possible) sister constituent Y of X
the extension of the mother constituent X + Y .

According to (FH2), intensions come to the rescue when substitution failures
challenge extensional compositionality. This repair strategy raises two problems.
Firstly, how are intensions individuated? And in the second place, is there any
guarantee that they do not pose additional substitution problems? As to the
first question I will, until further notice, follow the popular, broadly Carnapian
strategy of identifying intensions with (set-theoretic) functions from indices to
extensions. Unfortunately, this decision has negative repercussions on the sec-
ond question: most of the environments that give rise to extensional substitution
problems are also sensitive to intensional substitution. I will again follow seman-
tic tradition and ignore this complication in the hope it can be resolved by
pragmatic considerations (see, e.g., [50], [51]); however, the topic will be briefly
revisited in Section 5.

Even though (FH2) inherits the other two imperfections of (FH1), together
the two discovery procedures go a long way towards identifying extensions (and
thereby intensions) for all expressions. However, since an expression whose ex-
tensional contribution has been determined in one environment, may also occur
in many other environments, this generalization is bound to lead to more com-
positional combinations than functional application (or its intensional variant
resulting from (FH2)); see [59] for pertinent considerations. But to the extent
that the functional contributions constructed according to these heuristics are
sufficient, the following peculiar form of compositionality emerges, which has
been dubbed Frege’s functional principle [35, p. 75f.]:
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(FFP) The extension of a compound expression derives from combining the
extensions or intensions of its immediate parts, depending on whether
they exhibit extensional substitutivity.

Given the Fregean heuristics of identifying them, extensions come in two kinds:
the basic ones that connect language with the world; and the derived extensions
that are obtained by applying (FH1) or (FH2). The former are the truth-values
and the individual referents. The latter are functions assigning mother extensions
to sister extensions or intensions; moreover, in the latter case one of the sisters
also contributes its intension to the maternal extension. Hence the extensional
contributions may be arranged in a hierarchy of intensional types:19

(8) The hierarchy of extensional contributions cf. [36]

• Individuals and truth-values are extensional contributions of type e
and t, respectively;

• functions from extensional contributions of any type a to extensional
contributions of any type b are extensional contributions of type
(a, b);

• functions from the set of indices to extensional contributions of any
type a are extensional contributions of type (s, a).

The (allegedly Fregean) principle (7) must not be confused with a weaker prin-
ciple to the effect that intensions behave compositionally, which – applied to
his ‘Sinne’ and restricted to eternal expressions – Frege apparently took to be
obvious:

(Cι) The intension of a compound expression derives from combining the
intensions of its immediate parts.

(Cι) is much stronger than the principle (C−ι ) above, which was restricted to
eternal expressions. Still, it is frequently taken to be valid, quite independently
of any learnability considerations. Thus, in Kaplan’s [25, p. 510] two-dimensional
account of context-dependence, (Cι) comes in the guise of a ban on so-called
monsters – environments in which the extension of a mother node would depend
on the whole character of one of its daughters. On the other hand, (Cι) is slightly
weaker than (FH2) as will be argued next.

4 Extension and Bedeutung

In this section I wish to address some potential terminological confusions sur-
rounding the very term extension and its relation to Frege’s Bedeutung. It is

19 The term extensional contribution is meant to avoid the paradoxical ring which the
more common term ‘(possible) extension’ has in view of the third clause of (8). –
As pointed out in [27, p. 75], the split between e and t goes against the spirit of
Frege’s view of truth-values as referents; but it has become an important ingredient
in type-logical reconstructions of Frege’s theory of reference ever since [7].
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well-known that, despite certain commonalities, Carnap’s [4] intensions, like its
modern descendants [36], are much more coarse-grained than Frege’s [15] Sinne.
Given that the extensions of ‘intensional operators’ (like modal and attitude
verbs) have intensions in their domain, this granularity gap also affects the dif-
ference between extensions and Bedeutungen. Moreover, since the derived exten-
sions are set-theoretic functions from the hierarchy (8), they too are less fine-
grained than their Fregean counterparts. We will get back to these differences
in Section 5, arguing that this fine-grainedness blocks the road to a straightfor-
ward solution to the initial puzzle (Q2). In the current section two less obvious
differences and their impact on semantic analysis will be scrutinized.

4.1 The arguments of extension

The technical term extension denotes a binary function from parameters and
expressions to extensional contributions,20 where the parameters comprise any-
thing that the extension of a given expression may depend on: model, assign-
ment, context, index, etc. Suppressing all parameters but the index, the ex-
tension of extension (in semantics parlance – as opposed to the hairdresser’s
usage, which Daniel Hole reminded me of in correspondence), is that function
f that satisfies f(X)(i) = JXKi for any expression X of the object language
(non-technical English, say) and any index i; likewise, assuming the rigidity of
proper names [30], the extension of the complex nominal the extension of ‘Ba-
tumi’ is the city of Batumi. However like all relational or functional nouns of
English as well as its cognates in other languages, the technical term extension
has a number of additional usages obtained by dropping arguments. As a rule,
these missing arguments are interpreted either by reference to some contextu-
ally given object or by existential quantification over such objects.21 Thus the
functional noun capital can refer to the singleton of Tbilisi or Atlanta if the
contextually salient state happens to be one of the Georgias; and in predica-
tive position the same noun may denote the set of all capitals of a given region
– the German federal states, say: {Berlin, Munich, Hamburg, Düsseldorf,. . . }.
For expository purposes, the contextual and the existential construals may be
distinguished by subscripts ‘i’ and ‘∃’, where the former denotes the pertinent
index that the latter quantifies over. Since the noun extension has two indepen-
dently elidable argument slots, disambiguation may proceed by a superscript
(for the expression) and a subscript (for the index). Thus, e.g., the extensioni
of ‘It’s raining’ may refer to the truth-value of It’s raining at a contextually

20 Depending on how expressions are individuated, a further argument place specifying
the object language may also be needed.

21 The availability of these construals, which are presumably structural ambiguities or
systematic polysemies, appears to be restricted, one potential factor being function-
ality. Thus, e.g., while the plural description the fathers may be used to refer to a
group determined by existential quantification, an analogous reading of the cousins
seems hard to hear. Although restrictions on the omission of verb arguments have
been studied (notably in [48]), I am not aware of any account of these asymmetries
in the nominal domain.



14 T. E. Zimmermann

given index i; the plural the extensions∃ of ‘the number of planets’ can denote
the set {n| (∃i) Jthe number of planetsKi = n}; the statement Truth-values are
extensions∃∃ says that {0, 1} ⊆ {x|(∃X)(∃i) x = JXKi} (where the existential
quantifiers are likely to be contextually restricted); etc.

Turning to the principle (C−ε ) now, it appears that extensioni is the relevant
reading for both occurrences of the surface form extension[s] in it: the expression
argument is overt (in both occurrences) and existential quantification over the
index would obliterate its intended co-reference across the occurrences – mother
and daughters are meant to be evaluated at the same index, of course. However,
there is still a subtle ambiguity hidden in the formulation (C−ε ): the evaluation
index i shared by both occurrences of extensioni may or may not coincide with
the index at which the combination of the daughters’ extension is performed.
Of course, due to the generic character of (C−ε ), i is not one contextually salient
index but intended to be arbitrary, or universally quantified.

To see what is at stake here, one may consider an analogy involving a well-
studied functional noun (cf. [34]):

(9) a. The temperature can be read off from a thermometer.
b. The temperature can be read off from www.wunderground.com.

On its most prominent reading, (9-a) expresses that a thermometer read off
at a given (local and temporal) position, will provide the temperature at that
position. While (9-b) can also be construed along these lines, an equally obvious
reading ensues if temperature relates to an aforementioned distant time and place
– e.g., in response to a detective’s question concerning the weather at the scene
of a crime. Using the above disambiguation device, the difference between the
two constellations in (9) are brought out in:

(10) a. The temperaturei can be read offi from a thermometer.
b. The temperaturei can be read offj from www.wunderground.com.

In (10-a) and (10-b), the second subscript stands for the index of evaluation of
the predicate can be read off, i.e. the time and place at which a potential reading
takes place.22 Like the first index, it is likely to be construed as universally
quantified. Hence the crucial difference between the two sentences consists in
the coreference between that position and the argument of the functional noun
temperature: to get the temperature at a position, you may use a thermometer at
that position or consult a certain website even when at some potentially different
position.

While the disambiguations in (10) correspond to the most plausible readings
of the sentences in (9), the opposite distribution of subscripts is certainly also
possible: (9-a) may be taken to express that a thermometer can be used at one
position to determine the temperature at another one, though this is unlikely by

22 It should be noted that the subscript on the noun extension does not relate to the
point of evaluation of its extension but to an argument of the latter; in fact, the
noun may be taken as rigid, provided that (by definition) languages are required to
include their interpretation and to be disjoint from each other.
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what we know about how thermometers work; and similarly for (9-b). Seman-
tically, both sentences are ambiguous as to how the index of evaluation of the
predicate and the argument of the noun temperature are related. This, then, is
the very kind of ambiguity that can also be observed in (C−ε ):

(11) a. The extensioni of a compound expression derives from combiningi
the extensionsi of its immediate parts.

b. The extensioni of a compound expression derives from combiningj
the extensionsi of its immediate parts.

Using semantic notation, the two readings (11-a) and (11-b) of (C−ε ) can be
expressed by the following two equations:

(12) a. JX + Y Ki = JXKi ⊕i JY Ki
b. JX + Y Ki = JXKi ⊕j JY Ki

In (12) the plus sign indicates an arbitrary syntactic construction in which the
constituents X and Y stand, and the encircled plus sign denotes the correspond-
ing combination of extensions (assuming there is one). Since the ‘j’ in (12-b)
stands for an arbitrary index, the operation ⊕j is constant across all indices j,
that is for any indices j, k, we have: JXKi⊕j JY Ki = JX +Y Ki = JXKi⊕k JY Ki.23
The difference between the two versions of (C−ε ), then, depends on whether this
combination is itself index-dependent. While (12-b) implies (12-a), the two ways
of reading the principle (C−ε ) of extensional compositionality are certainly not
equivalent: (12-a) would be satisfied if ⊕ sometimes combined the daughter ex-
tensions in one way, by conjunction say, and sometimes in another, perhaps by
disjunction [61, p. 282]. A glance at the semantic literature reveals that such
constructions appear to be unheard of, so that the stronger, uniform version
of (extensional) compositionality (12-b) ought to be preferred over the weaker
(12-a). However, there is nothing in the general set-up that would force this
choice. So if (12-b) rather than (12-a) is to be understood as a defining principle
for the extensional fragment of a language, it better be motivated somehow.

To see how Frege’s Bedeutungen fare better in this respect, it is worth looking
at the source of the (binary) functionality of the noun extension: by definition,
x is the extension of an expression X at an index i iff x is the (unique) value
that X’s intension assigns to the argument i. As a consequence, extension of
X and intension of X have the very same singleton of a function on indices as
their extension.24 But they behave differently at the syntax-semantics interface:
whereas the former needs to be combined with a (possibly covert) complement
supplying the index argument, the latter does not tolerate such complementa-
tion: cp. extension/ ?intension of X at i. There is nothing unusual, let alone

23 More precisely, ⊕j and ⊕k coincide on all daughter extensions JXKi and JY Ki. If
the operations are extrapolated (cf. [61, 280f.]), they may still diverge on ‘ineffable’
contributions.

24 Or so I am assuming, be it for dramatic effect; see [62, 101f.] (with a correction in
https://tinyurl.com/ybtw3oh9) for an interpretation of functional nouns along these
lines.
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paradoxical, about this relationship, which any functional noun bears to a corre-
sponding ‘abstract’ count noun that denotes its extension: square root vs. square
root function, sum vs. addition, etc. One might say that the members of such
pairs are co-designative without being synonymous, because they resist substitu-
tion, if only for syntactic reasons.25 However, Frege’s Bedeutung and Sinn do not
stand in this relationship, for the simple reason that the latter does not denote
a function in the first place. For although the Bedeutung of a given expression
generally depends on the circumstances, it is not defined as the result of applying
a certain function – sense, intension, or whatever – to (a representation of) those
circumstances: Bedeutungen are Bedeutungen of something, but not at some-
thing – there just is no index argument. As a consequence, the index-dependent
reformulations of (C−ε ) with Bedeutungen in lieu of extensions should look like:

(11) c. The Bedeutung of a compound expression derives from combiningj
the Bedeutungen of its immediate parts.

(12) c. JX + Y K = JXK⊕j JY K

Hence, like (12-b), (12-c.) is a principle of uniform compositionality in that
the Bedeutungen are combined independently of the index at which they are
determined. But in this case there is no alternative non-uniform reading like
(11-b). Of course, this does not mean that such a non-uniform combination
could not be formulated in terms of Fregean Bedeutungen. In fact, it could, by
explicitly mentioning (possible) circumstances or indices. But nothing like the
non-uniform principle (12-b) suggests itself as a reading of (C−ε ). In other words,
uniform compositionality falls out of a Fregean construal of Bedeutungen without
having to be motivated or postulated ([61, p. 284]). And it even goes beyond the
extensional fragment, as will be argued now.

4.2 Occurrence and Bedeutung

By virtue of the last clause, the hierarchy defined in (8) not only contains all
possible extensions of expressions but also their intensions. This is so because it
is meant to cover whatever an expression may contribute to the referent of a defi-
nite description or the truth-value of a sentence in which it occurs; and according
to (FFP), this contribution may consist in its extension or in its intension. In
particular, what contribution the expression makes depends on the position in
which it occurs: it is occurrence-dependent. For the sake of definiteness, an oc-
currence x of an expression X in a (host) expression Y may be identified with a
pair x = (p, Y ), where p is the structural position of x in Y (cf. [52]). Then x’s
(extensional) contribution to Y will be either (a) X’s extension or (b) X’s in-
tension, as determined by the following induction on p: if p marks an immediate

25 The situation is vaguely reminiscent of the reference to an unsaturated function by
means of a saturated term, which Frege [16] seems to have excluded on principle,
albeit for dubious reasons; cf. [40]. However, in the the case at hand, both nouns
would count are syntactically unsaturated in that they lack a determiner.
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constituent of Y , then (a) applies just in case X exhibits extensional substitu-
tivity in the construction of Y ; and if p is the position of an indirect constituent
of Y with mother y = (q, Z), then (a) applies iff the contribution of y to Y is
Z’s extension and X exhibits extensional substitutivity in the construction of
Z. Hence extensional contributions are extensions throughout the extensional
fragment, whereas intensions take over throughout all intensional environments.

Somewhat confusingly, Frege [15] used the German noun Bedeutung to denote
extensional contributions, distinguishing between direct [gerade] ones, which
consist in Bedeutungen, and indirect [ungerade] ones, which denote Sinne. So Be-
deutung not only displays the systematic ambiguity typical of functional nouns,
it is also polysemous in an unsystematic way: apart from acting on expressions,
the functions it denotes may also apply to their occurrences. More specifically,
the relevant reading Bedeutungloc may be construed as denoting a function map-
ping occurrences to their extensional contributions.26 Given this construal, the
following compositionality principle holds without exception:

(Cloc) The Bedeutungloc of a compound expression derives from combining
the Bedeutungenloc of its immediate parts.

On the basis of the above characterization of extensional contributions, (Cloc)
immediately follows from (FFP) and (Cι), if adapted to Bedeutungen. In their
original form, these principles sum up the central compositionality properties
of possible worlds semantics. However, though frequently attributed to Frege,
(FFP) is not the only way of understanding the pertinent passages in [15]. In fact,
a more popular reading has it that iterated intensional embeddings necessitate
ever more indirect contributions (cf. [32, p.183], but then again also [39]). Thus
in a sentence like (13), the doubly underlined clause would not contribute its
sense to the Bedeutungloc (the sense) of the singly underlined clause, but its
‘indirect sense’:

(13) Sue believes that Billy suspects that most plush toys are former pets.

Following this line of analysis, the full hierarchy of intensions or senses of types
a, (s, a), (s, (s, a)), . . . would have to be invoked to account for the interpretation
of all occurrences of a single expression, which seems to undermine any attempts
to explain learnability in terms of compositionality [9, p. 11]. One may thus see
Kripke’s [29] approach to intensional operators as quantifying over the evaluation
points of the embedded material while introducing a new index dependence,
as an escape from this analytic impasse. Yet the fact that multiply embedded
clauses as in (13) may be construed as simultaneously depending on more than
one index (cf. [1]), might be taken as a reason to re-evaluate the (allegedly)

26 I continue to assume the interpretation of functional nouns mentioned in fn. 24
above. – Incidentally, Frege did not use the term occurrence (or its German cognate
Vorkommen) but spoke of the way in which the expressions are used: ‘die Wörter
werden in der ungeraden Rede ungerade gebraucht’ [in indirect speech, words are
used indirectly ] [15, p. 28].
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Fregean strategy of higher-order indirectness; see [61, pp. 291ff.] for more on
this perspective.

5 Back to the Puzzle

Learnability had also been the focus of the initial puzzle, repeated here for the
reader’s convenience:

(P) How does the compositionality of extensions bear on speakers’ ability to
grasp the meanings of indefinitely many linguistic expressions?

The answer is embarrassingly simple. In a nutshell, the connection is made by the
intensions of the expressions involved. By definition (and as mentioned above),
extensions are the values that corresponding intensions assign to indices. So if
the extensions behave compositionally (as they do throughout the extensional
fragment), this means that at any index i, the extension of any mother con-
stituent JX + Y Ki can be obtained by suitably combining the extensions JXKi
and JY Ki of its daughters. It suffices to consider the more general, non-uniform
case:

(12-a) JX + Y Ki = JXKi ⊕i JY Ki

The crucial observation is that, if (12-a) holds, the mother intension JX + Y K∧
can be obtained from the intensions JXK∧ and JY K∧ of the daughters too: at any
index i, the value that JX + Y K∧ assigns to i is determined by the extensions of
the daughters, which are in turn determined by their intensions:

(14) JX + Y K∧(i)
= JX + Y Ki
= JXKi ⊕i JY Ki
= JXK∧(i)⊕i JY K∧(i)

Since (14) holds for all indices i, the entire function JX + Y K∧ can now be
collected by functional abstraction:

(15) JX + Y K∧
= λi. JX + Y K∧(i)
= λi. JXK∧(i)⊕i JY K∧(i)

which is a ‘pointwise’ specification of the mother intension in terms of the daugh-
ter intensions. In particular, the pertinent combination ⊕̂ of intensions comes
out as:

(16) ⊕̂ = λf. λg.λi.f(i)⊕i g(i)
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The operation in (16) not only combines intensions so as to guarantee (12-a), it
is also unique in this respect:27 if there were an alternative distinct operation 	
to the same effect, then due to the extensionality of set-theoretic functions, it
would have to differ from ⊕ when applied to at least some intensions JXK∧ and
JY K∧, and an index i:

(17) [JXK∧ ⊕ JY K∧](i) 6= [JXK∧ 	 JY K∧](i)

But this cannot be, given that, by intensional compositionality, both sides of the
inequality in (17) come down to JX+Y K∧(i). Hence the conclusion from (12-a) to
(16) not only shows that extensional compositionality implies intensional compo-
sitionality, but also that extensional composition determines intensional compo-
sition: from the way the extensions combine (in extensional constructions), one
can conclude how the corresponding intensions do. Hence to the extent that iden-
tifying the intensions of expressions is a matter of linguistic knowledge (as argued
in Section 1), extensional compositionality helps explaining how this knowledge
is acquired: even though speakers generally do not know what the extensions of
the expressions they (or others) use are, as long as they behave compositionally,
they also know how their intensions combine and can thus identify them com-
positionally. Of course, the reasoning is restricted to the extensional fragment.
To go beyond it, further strategies such as the (alleged) Fregean strategy (FFP)
of employing intensions as ersatz extensions are required. But the large domain
of extensional constructions is a good starting point, especially for semantic
rookies.

While the above reasoning is by no means original, it is worth remember-
ing whenever a connection is made between extensional compositionality and
learnability. It is also worth pointing out that, for the ‘pointwise’ determina-
tion of intensional compositionality in (15) and (16) to work, it is essential that
intensions are defined as set-theoretic functions. Fregean senses, despite their
structural similarity to intensions, do not support anything like the inference
from (12-a) to (16). The reason is their fine granularity, which in many respects
is certainly an advantage over intensions (cf. [37]). Even if they determine in-
tensions (as is commonly assumed) and behave compositionally (as Frege seems
to have assumed), extensional compositionality underdetermines their composi-
tional behavior, as a simple permutation argument shows. For concreteness, one
may consider two expressions with the same intension but a sense difference that
is inherited to a larger expression:

(18) JSome oculists are occultistsK$
= Jsome oculistsK$ ⊗ Jare occultistsK$
6= JSome eye-doctors are occultistsK$
= Jsome eye-doctorsK$ ⊗ Jare occultistsK$

27 The same reservations concerning extrapolation and effability as in fn. 23 apply,
though.
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. . . where ‘JXK$’ denotes the sense of an expression X and ⊗ is the relevant sense
composition, which corresponds to a fully extensional construction:

(19) JSome oculists are occultistsKi
= Jsome oculistsKi ⊕ Jare occultistsKi
= Jsome eye-doctorsKi ⊕ Jare occultistsKi
= JSome eye-doctors are occultistsKi

However, unlike the corresponding intensional combination that could be defined
as in (16), the sense operation ⊗ is not uniquely determined by the (universally
quantified) equations in (19). To see this, one could define an operation 	 that
behaves like ⊗ except that:

x	 Jare occultistsK$ = y ⊗ Jare occultistsK$,
whenever x, y ∈ {Jsome oculistsK$, Jsome eye-doctorsK$}. Hence 	 swaps the
senses of the two determiner phrases in the above environment. But the move
from ⊗ to 	 would not affect the observations in (19): the intensions determined
by the permuted senses are the same anyway. Hence, as far as the extensional
behavior in (19) is concerned, 	 is as good a hypothesis for the underlying sense
composition as is ⊗. As a consequence, extensional compositionality, though per-
fectly sound as a basis for resolving the puzzle (P) in terms of intensions, should
not be employed to motivate the compositionality of Fregean senses.
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