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Abstract

Dialogue participants normally have only partial information about

their dialogue situations. In this paper we consider how the limited per-

spectives can lead to extensions of the use of assertions. We develop our

theory within a special possible worlds framework, the so{called possibil-

ity approach, and combine it with some principles of rational behaviour.

In a possibility approach, the e�ects of an assertion are identi�ed with

a mutual update operation. Hence, our theory will describe how we can

extend normal mutual updates which are de�ned for a class of basic situ-

ations to a wider class.

1 Introduction

If we concentrate on the pure semantic content of an assertion, we can describe

its update e�ects in basic dialogue situations by a mutual update operation on

the belief states of the interlocutors. In this paper, we ask: How can the per-

spectives of dialogue participants give rise to extended uses of assertions? How

does this change the update operation? And: Which pragmatic restrictions do

they add in basic situations? We understand by perspective of a participant the

partial information the participant has about the dialogue situation, including

e.g. the situation talked about and the beliefs about each other. As an example,

we consider the sentence  \It is snowing in the mountains."

(1) Helga calls up her son Stephan who lives in a small town in the Alps and

asks him whether he wants to visit her in Munich. Stephan answers: \It

is snowing in the mountains. I don't like to drive then."

We may start with the following simple characterisation of felicity condition and

update potential: The utterance of  is felicitous i�  is true, and if it results

in a situation where both speaker and hearer add the information that  to

their information. If we assume that the beliefs of dialogue participants contain

information about the beliefs of each other, then they should also update these

beliefs about each other with  .

First, even for the basic case where all participants have only true beliefs

one would like to add conditions like the speaker should believe that  , or the

speaker should think that the hearer does not know whether  , or the hearer

�This work is part of the DFG project LA 633/5{1 on Dialogue Semantics located at the

Humboldt{Universit�at Berlin, http://www2.rz.hu-berlin.de/asg/blutner/dialog/index.html.
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should believe that the speaker can know whether  , and that he does not want

to mislead the hearer etc. Hence, the question arises whether we can derive

these additional pragmatic conditions in a systematic way. Now, suppose all

these conditions hold from the perspectives of the interlocutors but, in fact,  

is not true.

(2) Helga calls up her son Stephan and asks him whether he wants to visit

her in Munich. Stephan answers: \It is snowing in the mountains. I don't

like to drive then." But he has not checked the weather for some time,

and it is now raining and the streets are free.

Both will update their beliefs in the same way as in the basic situation. Hence,

if we have an update operation for the basic case, we can simply extend it to

this wider class and get a correct description of the utterance e�ects. What

happens if only from the perspective of the speaker the basic conditions hold?

(3) Helga calls up her son Stephan and asks him whether he wants to visit

her in Munich. Stephan answers: \It is snowing in the mountains." Helga

has just talked with her daughter, who lives next to Stephan, and knows

that the weather has changed, and that the streets are free.

S still feels justi�ed to make his utterance, and the hearer may notice this. The

update of the speaker remains the same as in the basic situation but the hearer

should update only his representation for the speaker's beliefs. Hence, we can

again derive the update operation for this case from the basic one. We can

think of a situation where the speaker thinks that he can mislead the hearer,

and where the hearer is aware of the speaker's attempt.

(4) Helga calls up her son Stephan and asks him whether he wants to visit

her in Munich. Stephan answers: \It is snowing in the mountains." Helga

knows from her daughter that it does not snow at all, and she has also

heard that Stephan has a new girl{friend and prefers to stay at home this

weekend.

This is a situation where the utterance of \It is snowing in the mountains" is

reasonable, and it will lead to a new update of the information states of the

participants. But it is important that the hearer thinks that the speaker must

believe that it is a successful lie. We can see this in contrast with (5):

(5) Helga visits her son Stephan and they take a walk through the town. It is

a bright sunny summer day, and she asks him whether he wants to take

her to Munich this day. Stephan answers: \It is snowing in the mountains.

I don't like to drive then."

This answer must be absolutely unintelligible for H . It can't be a false assertion,

nor a lie. It can't result in a well{de�ned update of their belief states.

There has been some discussion of the dependency between closely related

uses of declarative sentences like in assertions, lies, unsuccessful lies etc. Es-

pecially, there have been axiomatic approaches which try to derive the update

e�ects and felicity conditions by looking at speech acts within a general theory of

rational interaction1. We discuss them in Section 2. We will take a similar route

1E.g. (Appelt & Konolige, 1988; Cohen & Levesque, 1985, 1990a,b; Perrault, 1990).
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but use as our starting point theories which represent dialogue situations and

the beliefs of dialogue participants within a possible worlds framework. More

speci�cally, we will use the possibility approach developed by Gerbrandy and

Groeneveld (1997). We introduce this approach in Section 3. It has proven to

be especially useful for descriptions of update operations2.

Our idea is to start with an operation which models the mutual update with

the semantic content of an assertion. This update is de�ned for a basic class of

situations where both participants have only true beliefs, and where the speaker

utters only true sentences. Our central assumption is: If the speaker believes

that he can successfully assert some sentence, and the hearer is able to make

sense of his utterance, then this is suÆcient for the assertion to lead to a well{

de�ned update of their mutual beliefs. This dependence on the perspectives

explains why it is possible to extend the use of an assertion to new situations.

On the other hand, it leads also to stronger conditions for the basic situations.

Hence, there are two issues which we will address. The �rst one concerns the

extension of a use to new situations, the other one the additional pragmatic

restrictions for the basic cases. The last issue will be addressed as the mutual

justi�cation problem, Sections 4.2 and 6.3. One of the major problems was

to characterise the belief{structures of the dialogue participants in situations

which are possible candidates for an extended use. In this regard, we introduce

a class of possibilities with internal hierarchical structure, H(M), in Section 5.

In Section 4 we describe the basic mechanism of how perspectives give rise to

extended uses of assertions. In Section 5 we provide the central structures which

allow us to derive iterated extensions of basic uses. We already mentioned that

there are approaches which handle our examples within general theories about

rational interaction. They especially introduce speaker's goals into their models.

We follow them in Section 6. There, we also de�ne the update operations for

extended uses of assertions. In the �nal section, Section 7, we show how the

examples are handled using our theory.

2 Rationally Based Speech Act Theory with De-

fault Rules

C. R. Perrault (1990) discusses an approach which characterises the use of sen-

tences uttered in declarative mood with propositional content p by an axiom

which postulates the following consequence condition:

BMBH;SGSBHGSBHBSp;

i.e. it will be the case that it is mutual belief (BMBH;S) between hearer H and

speaker S that the speaker has the goal (GS) that the hearer believes (BH) that

the speaker wants that the hearer believes that the speaker believes that p. All

stronger consequences, e.g. the standard case that the hearer believes after he

has heard the utterance that the speaker believes p, or that he believes that

p really holds, have to be derived by additional axioms characterising special

circumstances. Of course, this condition is weak enough to cover all cases where

a declarative sentence is used in a proper assertion, a lie, or the case where the

hearer recognises the lie. As Perrault points out, such a theory can't handle

2A very elaborate system of update operations was discussed by (Baltag, 1999).
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ironic uses of declaratives, e.g. in case somebody says \This is the best meal I

ever had" where it is obvious for speaker and hearer that the meal tasted quite

bad. But there are even non{ironic uses of declaratives where this axiom is not

weak enough.

We will start with updates for the most prototypical, or basic, cases where

a sentence can be asserted. This implies that we start with strong conditions

on the utterance situations and strong consequence conditions. Then we apply

operations which reect the inuence of perspectives of participants on the

dialogue situation to derive extensions. We can iterate this process, and in

this way the conditions on the utterance situation and consequent situation will

become weaker.

The approaches by Cohen & Levesque and Perrault handle the problem by

using default mechanisms. Perrault explicitly develops his theory as an ap-

plication of default logic (Perrault, 1990). Cohen & Levesque use a classical

monotonic framework but add an axiom (1990a, Def. 5, p. 236), (1990b, Def. 6)

which works as a kind of default axiom. Hence, they too have a mechanism

which allows to start with strong conditions. E.g. in Perrault's system we can

prove the following default rules:

(DR1)
BH;tBS;tp : BH;tp

BH;tp
(DR2)

BH;t+1DOS;t(p:) : BH;t+1BS;tp

BH;t+1BS;tp

(DR1) says: If the hearer believes at time t that the speaker believes at time

t that p, and if it is not inconsistent to assume that H believes p, then he

will believe that p. (DR2) says: If the hearer believes at time t + 1 that the

speaker uttered a sentence with propositional content p at time t, and if it is

not inconsistent that he believes at this time that the speaker believed at time

t that p, then H will believe at t + 1 that the speaker really believed p. If the

hearer knows that the speaker does not believe in p, then the default rules don't

apply, and we only arrive at weaker consequence conditions.

There are some problems with the approach taken by Perrault. E.g. pre-

sume that the hearer believes that the speaker knows whether some proposition

p holds but suspects that he might want to cheat him. I.e. if it holds that

BH;t(BS;tp _ BS;t:p), :BH;tBS;tp and :BH;tBS;t:p. In Perrault's theory the

general axioms for beliefs only allow the inference that BH;t+1(BS;tp_BS;t:p).

Hence, the two default rules are not blocked, and we can arrive �rst (DR2)

at BH;t+1BS;tp, and after some steps at BH;t+1BS;t+1p, hence with (DR1) at

BH;t+1p. The same reasoning is also possible if we add Perrault's axioms for in-

tentions: If it holds that BH;t((BS;tp_BS;t:p)^IS;tBH;t+1p), then the addition

of the intention does not block any of the inferences.

Hence, although the hearer suspects that the speaker might try to cheat

him, the default rules would suggest that he nevertheless should trust him.

This problem does also arise in Cohen & Levesque's system.

A common drawback of these axiomatic approaches is the fact that the

consequent state is normally not uniquely determined. If e.g. (DR1) is part

of our default rules, and we want to extend a set of axioms E where neither

BH;tp nor :BH;tp but BH;tBS;tp is an element of E, then the rule allows us

to add BH;tp, but we can also add :BH;tp and get another possible extension.

This problem can be avoided if we de�ne update operations directly for the set

theoretic models which represent the dialogue situations. Here, the so{called
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possibility approach, Section 3, turned out to be especially useful. We replace

the default mechanism of axiomatic approaches by an extension mechanism for

updates.

3 The Possibility Approach

The possibility approach is essentially a possible worlds approach, i.e. it iden-

ti�es the beliefs of an individual with the set of all worlds which are possible

according to those beliefs. We denote the set of participants by DP = fS;Hg,

where S will denote the speaker, H the hearer. A possibility consists of a model

for the outer situation, and information states for each participant, where those

states are again sets of possibilities. The outer situation describes the non{modal

part of the dialogue context. In case of e.g. assertions, this outer situation will

be identi�ed with the situation talked about. The possibility approach was �rst

developed by J. Gerbrandy and W. Groeneveld in (1997). It makes use of an ex-

tension of classical set theory, the theory of Non{Well{Founded Sets developed

by P. Aczel (1988)3. The original problem motivating the development of the

possibility approach was to de�ne suitable update operations for dialogue. Here,

the approach proved to be especially useful4.

Let M be a class of models for the possible outer situations. We de�ne

possibilities and information states in the following way5:

� A possibility w is a triple hsw; w(S); w(H)i where sw 2 M and w(S) and

w(H) are information states.

� An information state � is a set of possibilities.

sw describes an outer situation, w(S) and w(H) the set of worlds S and H

believe to be possible. We denote the class of all possibilities with W . The

theory of non{well{founded sets allows for sets containing themselves, hence, it

is possible that there exist possibilities w with w 2 w(X), X 2 DP.

Let L be a language of predicate logic for the class M. We assume that L

contains all the predicates the dialogue participants can use to talk about an

outer situation. Let w = hsw; w(S); w(H)i be a possibility. We de�ne truth

conditions for ' 2 L:

w j= ' i� sw j= '; ' a sentence in L:

For a dialogue participant X a possibility w is epistemically possible in v i�

w 2 v(X). X believes that ' in w i� ' holds in all his epistemic alternatives in w.

We write w j= 2X' i� 8v 2 w(X) v j= ', and w j= 3X' i� 9v 2 w(X) v j= '.

If � is an information state, then we de�ne � j= ' i� 8w 2 � w j= ':

Until now, we did not restrict the properties of possibilities. A subclass

M � W is called transitive, i� 8w 2 M 8X 2 DP w(X) � M . Let I � W be

3For more information about (AFA) set theory we can refer to (Barwise & Moss, 1996),

and for the possibility approach to the thesis of Gerbrandy (1998).
4There is some literature concerning the proper de�nition of updates in dialogue: (Jaspars,

1994), (Groeneveld, 1995), (Gerbrandy & Groeneveld, 1997), (Zeevat, 1997), (Gerbrandy,

1998), (Baltag, Moss, Solecki, 1998), (Baltag, 1999).
5For the set{theoretic machinery behind the following de�nitions we must refer to (Barwise

& Moss, 1996).
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the largest transitive subclass with

8w 2 I 8X 2 DP 8v 2 w(X) : w(X) = v(X):

This property is called introspectivity. It means: (1) If a dialogue participant

believes ', then he knows that he believes it; (2) if he does not believe that ',

then he knows that he does not believe '; and (3) it means that (1) and (2) are

common knowledge. Let T � I be the largest transitive subclass with

8w 2 T 8X 2 DPw 2 w(X):

If w 2 T , then w is for both participants an element of their sets of epistemic

alternatives. Hence, if a participant believes that ', then ' must in fact hold.

Therefore, T denotes the class of possibilities where (1) the dialogue participants

can only have true beliefs, i.e. knowledge, and (2) where this fact is common

knowledge. The Anti{Foundation{Axiom (AFA) of the underlying set theory

guaranties that T is not empty.

We are only interested in non{contradicting information states of partici-

pants. This means that the set containing all their epistemic possibilities should

contain at least one element. Let _I denote the largest transitive subclass of I

with w 2 _I ) w(S) 6= ; 6= w(H).

If D(a) �W and a : D(a) �!W , then we call a a normal mutual update if

(NMU) a(w) = hsw; a(w(S)); a(w(H))i for w 2 D(a),

a(�) = fa(w) j w 2 � \D(a)g for information states �.

It is clear that a normal mutual update is uniquely determined by its domain

D(a). If ['] := fw 2 T jw j= 'g, then the normal mutual update determined by

['] describes the e�ect of `mutually learning that [']' by the dialogue participants

in situations in T . Such de�nitions of update operations for possibilities have

been introduced by (Gerbrandy & Groeneveld, 1997).

As an appendix to this section we mention two important theorems of (AFA)

set theory which we will need in some of the proofs below.

Theorem 3.1 (Solution Lemma) Let V[X ] be the universe of sets over a

class X of urelements. A system of equations over X is a function e : X �!

V[X ] n X. Then, every system of equations has a unique solution. I.e. there

exists a unique function s : V[X ] �! V such that

s(m) = fs(n) j n 2 mg for sets m

s(x) = s(e(x)) for urelements x 2 X

Theorem 3.2 A relation R � W �W is a bisimulation, i� vRw implies that

sv = sw and for all X 2 DP

8v0 2 v(X) 9w0 2 w(X) v0Rw0 und 8w0 2 w(X) 9v0 2 v(X) v0Rw0:

If R is a bisimulation, then vRw implies v = w.

4 Perspectives on Dialogue Situations

In this section we concentrate on the epistemic perspectives of the dialogue par-

ticipants and the way they give rise to extensions of dialogue acts. This theory

builds the backbone of our study. In Section 6 we add rationality principles

connected to speaker's goals.

6



4.1 The Basic Consideration

We again consider the assertion It is snowing in the mountains  of Example (1).
As a statement it would be felicitous just in case the sentence  is true. But, of

course, the speaker S can rely for what he says only on what he believes to be

true. To be justi�ed in his statement, he should therefore believe in the truth

of it.

Let M � _I be a class which represents some property of possibilities, e.g.

a class where some sentence can be asserted successfully. We explicate the fact

that this property obtains under the perspective of a dialogue participant X in

world w as w(X) � M . This means that all of X 's epistemic possibilities are

elements of M . For our example this means that w(S) j=  must hold, if the

assertion should be justi�ed.

But if we look at the hearer H , it seems that the requirement that he must

believe that all his epistemic alternatives are situations in M is too strong. We

require as a minimal condition for success that there is at least one epistemic

alternative in H 's set of possibilities where the uttered sentence is true. E.g.

for assertions it is essential that the addressee does not know that the uttered

sentence is true. Hence, there should be at least one epistemic alternative where

 is false.

If M speci�es a property of dialogue situations, then the actual situation w

may have this property under the perspective of H i� w(H) \M 6= ;. And, if

M speci�es the felicity conditions of some dialogue act, then the hearer is able

to make sense out of the respective act just in case he thinks that the actual

situation might be an element of M .

We de�ne two operators on subclasses of possibilities for each dialogue par-

ticipant X . They are closely related to the modal operators 2X and 3X , so

that we denote them by the same symbols:

2XM := fw 2 _I j w(X) �Mg

3XM := fw 2 _I j w(X) \M 6= ;g

With these operators at hand we can reformulate our observations as: S is

convinced that the actual world w belongs to M i� w 2 2SM ; H can accept

that w belongs to M i� w 2 3HM . Notice that the operators generate proper

classes, even if M is a set.

4.2 Mutual Justi�cation

To explain the problem behindmutual justi�cation we look again at the assertion

( ) It is snowing in the mountains in (1). In order to make his utterance, S

should be convinced that it is really snowing in the mountains. If it in fact

does but S does not have the slightest evidence for  , his assertion in (1) is not
justi�ed. But, to be convinced of the truth of a sentence is not enough to make

a successful utterance. Suppose it is snowing in the mountains, S is convinced

of it, and H happens to know the truth of it too. But assume also that H is

convinced that S can't know whether  . In this case it is not unlikely that she

would reject his assertion not because it is wrong but because it is unjusti�ed.

We make the assumption that agents are justi�ed to perform an action i�

they are convinced that it must be successful. This is, of course, in many real life

situations too strong a requirement, as agents may well perform an action if they
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think e.g. that the possible negative results are negligible, or that it is highly

unlikely that it has no success. On the other hand, we make the assumption

that hearers can make sense of an assertion, if the fact that the act is performed

by the speaker does not contradict his beliefs about the dialogue situation.

Assume that we have a condition  which speci�es the conditions of success

for a certain dialogue act a. This means that the act can be performed success-

fully in all situations s where s j= . If a speaker S wants to perform a he has to

be sure that  really holds. Otherwise, we have argued, he wouldn't consider a

to be in his set of possible actions. Therefore, in a situation s where S performs

a we must have s j= 2S.

Now we can turn to the hearer H . If he recognises that a was performed

by S, it should be at least possible that a is successful. So we have to add

s j= 3H( ^ 2S). Otherwise, H has good reason to reject the act of S.

But then, S has to be sure that this is really the case. So we need in addition

s j= 2S3H(^2S). We can go on with this way of reasoning and get an in�nite

number of new conditions for s. We can describe this observation by: Let �

be the smallest set of formulas which contains  and which is closed under:

p; q 2 � then p ^ q;2Sp;3Hp 2 �. Then, the dialogue act a can be performed

in a situation s by speaker S successfully and mutually justi�ed i� s j= �.

The following proposition gives us a simple criterion for mutually justi�ed

dialogue acts, as long as we can assume that the basic situations for the act

form a subclass of T .

Proposition 4.1 With � de�ned as above we get

fs 2 T j s j= �g = fs 2 T j s j=  ^ 2Sg:

Proof: Let � be the smallest set containing  and closed under p; q 2 �)

p ^ q;2Sp;3Hp 2 �. Let M := fs 2 T j s j=  ^ 2Sg. It is clear that s j= �

implies s 2M . Hence, assume s 2M . Then s j=  and if s j= p and s j= q then,

of course, s j= p ^ q. Furthermore, s 2 T implies s j= p ) s j= 3Hp. Hence,

it remains to show that s j= p implies s j= 2Sp for p 2 �. If p � , it follows

by s 2M . Of course, we have s j= 2Sp& s j= 2Sq then s j= 2S(p ^ q). Hence,

assume p � 2Sq or p � 3Hq. The �rst case is clear due to introspection, and

for the second part we have s j= 2Sq ) s j= 2S3Hq because s 2 T . Therefore,

we have s j= 2Sp for all p 2 �. This �nally proves that s j= �.

Let M � _I be a class which represents some property of possibilities. Then,

we can formulate our result as follows: LetM0 :=M ,M2n+1 :=M2n\2SM
2n,

M2n+2 :=M2n+1 \3HM
2n+1, and

rM :=
\
n2N

Mn;

then

Lemma 4.2 If M � T , then rM =M \ 2SM .

4.3 Derived Situations for Mutual Updates

Let us again look at the assertion It is snowing in the mountains ( ). Assume

that S is convinced of the truth of  . Even if it is in fact false, he will think
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to be justi�ed to make the assertion. If, furthermore, the hearer H trusts the

beliefs of S, they should both accept this assertion as if S had told the truth.

In the same way, S can use the assertion  to mislead the hearer H , if H is in

a situation where he would accept it as true. This is, of course, no longer an

assertion but a lie. We can see here how the limited perspective of one dialogue

participant can give rise to an extension of a dialogue act. To explain the precise

connection of lies and assertions it is, of course, necessary to introduce goals of

speakers into the model6. We do this in Section 6.

Here, we describe the restrictions for extensions of dialogue acts which are

due to perspectives. If M is a class of possibilities where some sentence can be

asserted in a mutually justi�ed way, then this act can be extended to the class

where S is convinced that H accepts the act. This is the class 2S(M [3HM).

If M � 3HM , the de�nition of the extension can be simpli�ed to 2S3HM .

Now we can again turn to the perspective of H . Assume that the speaker

S is convinced of the truth of  but H knows it to be false. H can make sense

of the utterance, if he thinks it is possible that S might believe  . Make sense

means here: he can understand it as an attempt at an assertion. We have seen

in Example (5) a situation where this is not possible. There, H will be quite

puzzled about the utterance. It seems to be impossible to make any sense out of

it. In contrast, see the scenario in Example (4), where H could make sense out

of S' utterance, as she can recognise it as a lie. She can react with an rejection,

or she might accept the assertion, thereby misleading the speaker.

If M is a class of possibilities where some sentence can be asserted in a

mutually justi�ed way, then this act might be extended to the class where H

thinks that it is possible that S is convinced that he can perform this act. We

get as extension the class 3H2SM .

We �nd in this way four operations which give us new classes where some

sentence can be asserted due to the perspective of one participant. Let M be

given. Then we classify the perspectivally derived classes in the following way:

direct indirect

speaker 2SM 2S3HM

hearer 3HM 3H2SM

We have to mention that the simple form 2S3HM for the indirect operation

for the speaker is suÆcient only if we can show that M � 3HM . Otherwise, it

should have the form 2S(M [ 3HM)! If M characterises a mutually justi�ed

dialogue act and if M � T , then we trivially have M � 3HM .

It follows by introspectivity that we can't get new possible extensions if we

apply the direct operation twice for the same participant. I.e. for operators

P;Q 2 f2;3g, M � _I and X 2 DP we �nd that PXQXM = QXM .

To get a real possible extension it is necessary that S is convinced that he can

perform the act, and H must be able to make sense of this. It is not suÆcient

that only one participant thinks that the act can be performed. Therefore, we

have to build intersections of the derived classes. We get the following four

groups of derived cases:

direct H indirect H

direct S 2SM \3HM 2SM \3H2SM

indirect S 2S3HM \3HM 2S3HM \3H2SM

6This is also done in (Cohen & Levesque, 1985, 1990a; Perrault, 1990).
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5 The Class �(M) of Derived Situations

Until now, the class _I of intended applications is highly unstructured. This leads

to problems if we want to iterate the application of the perspectival operators,

see (Benz, 1999). But the main problem is that the unstructured class does

not characterise the intended applications in any greater detail. We need more

structure on this class. Especially, we need a measure for the complexity of

possibilities. We will introduce it for a proper subclass of _I, which will be

de�ned simultaneously. Let T (w) be the smallest transitive superset of fwg.

Then

� [w] := fv 2 _I j T (w) = T (v)g,

� [v] � [w] i� T (v) � T (w).

T (w) = T (v) means that one is contained in the transitive hull of the other7.

Let _If be the class of all possibilities w 2 _I where � is a well founded partial

order on f[v] j v 2 T (w)g.

In the last section we de�ned derived possible extensions. But the operations

will produce possibilities where we can hardly claim that they belong to the

natural intended applications. This is due to the complicated circular structure

the possibilities may exhibit. For the direct derivation, our intuition has been

that the participant believes to be in a situation where some sentence can be

asserted successfully, for the indirect case, he has to be convinced that the

other one is or might be in a such a state. In both cases, we think that the

possibilities in the exploited information states have to be more simple than

the newly derived possibilities. But this gives us the intuition that the new

possibilities should also have an internal hierarchical structure. To arrive at a

real de�nition, we have to give our intuitions a more precise form. We try to

capture their content in the following informal conditions.

� There is at most one participant who believes the real situation to be

possible.

� There are no long circular paths starting at the real situation, which go

from one participant to the other and come back to the original situation.

I.e. we don't want to allow for structures where we have w 2 w(S) \ w(H) or

sequences v1 2 v0(X0)& v2 2 v1(X1); : : : ; v0 2 vn(Xn) where for all i holds that

Xi 6= Xi+1 and n > 0.

Given a class M � _If , we de�ne a class H(M) of possibilities which have

the desired internal hierarchical structure. We translate our informal conditions

into the Axioms (H1) and (H2). Let H(M) be the largest subclass of _If such

that for all w 2 H(M) nM , and for all X 2 DP

(H1) w 62 w(S) \ w(H),

(H2) 8v 2 T (w) (w 62 v(X)) 8u 2 v(X)w 62 T (u)),

(H3) w(X) � H(M).

7i.e. they are connected by a circular path

10



If we think of M as characterising the class of basic situations where some

sentence can be asserted successfully, then the perspectivally derived expansion

of this class should be a subclass of H(G) for a suitable G. Normally, we can't

take G to be M . To see this, reconsider Example (1) with the true assertion

of It is snowing in the mountains ( ). The class of basic situations where

this sentence can be uttered felicitously is M = fw 2 T j w j=  g. If we now

restrict the possible extensions to the classH(M) then we would have to assume

that both dialogue participants know in all elementary situations that  holds.

But this is obviously too strong. Moreover, we assume in cases of a successful

assertion that H believes that : is possible. Therefore, we have to build the

hierarchy over the class G :=M [ fw 2 T j w j= : g = T . For this reason, we

assume that for every class M which characterises some basic case we have an

associated class G of situations with M � G. We can see G as the class of basic

dialogue contexts which may occur if we don't take perspectival derivations into

account. Hence, we will assume from now on that the basic setM of possibilities

where some sentence can be asserted forms a subset of a given set of possible

basic dialogue situations G � T !

For _If we can de�ne an order type for the possibilities. This order type

provides us with a measure for the complexity of situations.

� otp(w) = 1 i� f[v] j [v] < [w]g = ;.

� otp(w) := supfotp(v) + 1 j [v] < [w]g, else.

ForM � _If letM
� := fw 2M jotp(w) � �g. This measure of complexity is still

quite rough. E.g. all possibilities in T have order type otp(w) = 1. Nevertheless,

it allows us to control the complexity of derived cases in a suÆcient way. We

note the following fact, which follows by de�nition of otp.

Fact 5.1 For w 2 _If we have: 8v 2 T (w) (otp(v) = otp(w) , w 2 T (v)).

5.1 The Class �(M)

We can now exploit the fact that there is a nice relationship between the internal

hierarchical structure of the possibilities in H(G), our measure of complexity

otp and the operators for the derived possible extensions of a dialogue act. We

de�ne restricted versions of the operators. They produce only possibilities of

a certain maximal complexity. Our aim is then to construct our hierarchy of

derived possible extensions in such a way that we get in one step exactly all

possible extensions of the next higher complexity. That we reached our aim will

be proved in Lemma 5.2. We need this result for the (recursive) de�nition of

updates in Section 6. Let Q denote one of the operators 2 or 3 and H�(G) :=

H(G) nG.

Q
��
X M := QXM \H�

� (G)

Q<�X M := QXM \ fw 2 H�
� (G) j 8v 2 w(X) otp(v) < �g

The elements of Q��X M all have maximal complexity � and an internal hierar-

chical structure. No element of G is an element of Q��X M . Q<�X M adds the

restriction that all epistemic alternatives of participant X have a complexity

lower than �. Hence, if w 2 Q<�X M and otp(w) = �, then Fact 5.1 implies that

w 62 w(X).

11



With these operators we can de�ne the operations which give us all ex-

tensions of a certain complexity. The following four operations correspond to

the four possible intersections of classes, which we can derive using the four

operators of Section 4.3. For � > 1 we de�ne

Æ�1M := 2
<�
S M \3<�H M

Æ�2M := 2
<�
S M \3��H 2

<�
S M

Æ�3M := 2
��
S 3

<�
H M \3<�H M

Æ�4M := 2
��
S 3

<�
H M \3

��
H 2

<�
S M

We de�ne �1(M) :=M , and �<�(M) :=
S
�<���(M). For � > 1 we set

��(M) := �<�(M) [

4[
i=1

Æ�i �<�(M):

We set �(M) :=
S
���(M). By de�nition of Æ�i and �<�(M) it follows that

��(M) � H�(G). The following lemma shows that we get for all � exactly all

derived possible extensions of M of complexity �.

Lemma 5.2 Let �(M) be constructed relative to hM;Gi with M � G � T .

For all ordinals �:

8w 2 ��(M)8� < � (w 2 ��(M), otp(w) � �) :

Proof: Let w 2 ��(M) and � < �. The direction from left to right is trivial.

Assume that otp(w) = 1. By de�nition of the operators 2�, 3� etc. it follows

that �(M) �M [H�(G) =M [ (H(G)nG). w 2 H(G) and otp(w) = 1 implies

w 2 G by (H1). Hence, w 2 �(M) & otp(w) = 1 implies w 2M = �1(M). We

note the following fact:

Fact 5.3 For w 2 H�(G) it holds that

1. 8v 2 T (w)w 62 v(S) \ v(H),

2. 8v 2 T (w):9u; u0 (u 2 v(S) & u0 2 v(H) & w 2 T (u) \ T (u0)).

Proof: Suppose v 2 T (w) and w 2 v(S) \ v(H). w 2 v(S) ) w 2 w(S)

by introspection. The same argument proves w 2 v(H) ) w 2 w(H), which

contradicts (H1). The second part follows from (H2) in a similar way.

So assume otp(w) � �, � = �+1. Assume further that we have proved that

w 2 ��0(M) for otp(w) = �0 < �. Hence, let otp(w) = �. We consider only the

case w 2 Æ4�<�(M). Therefore, w 2 2
��

S 3
��

H ��(M) \3
��

H 2
��

S ��(M).

Let v 2 w(S), otp(v) = �. Then v 2 3
��
H ��(M). Let u 2 v(H). Suppose

otp(u) = �. Then w 2 T (u) by Fact 5.1, and therefore w 2 v(H) by (H2). By

(H2) it follows that w 2 w(S), and by introspection w 2 v(S). But then w 2

v(S) \ v(H), in contradiction with Fact 5.3. Hence, for all u 2 v(H) otp(u) <

�. Therefore, v 2 3
<�
H �<�(M). As v was arbitrary, it follows that w 2

2
��
S 3

<�
H �<�(M). If for all v 2 w(S) otp(v) < �, then w 2 2<�S 3

<�
H �<�(M) �

2
��
S 3

<�
H �<�(M).

Let v 2 w(H) \ 2��S ��(M). Assume that otp(v) = �. Let u 2 v(S).

Suppose otp(u) = �. Then w 2 T (u), and therefore w 2 v(S) by (H2). But

12



v 2 w(H) = v(H), therefore we also have w 2 v(H), in contradiction with

Fact 5.3. Hence, for all u 2 v(S) otp(u) < �. Hence, v 2 w(H) \ 2
<�
S �<�(M),

and therefore w 2 3
��
H 2

<�
S �<�(M). If for all v 2 w(H) otp(v) < �, then

w 2 3
<�
H 2

<�
S �<�(M) � 3

��
H 2

<�
S �<�(M).

Hence, w 2 2
��
S 3

<�
H �<�(M) \3

��
H 2

<�
S �<�(M). Therefore w 2 ��(M).

Next, assume that � is a limit ordinal. Again, we consider only the case

w 2 Æ�4�<�(M). Let otp(w) = � < �. We suppose that we have proven

that v 2 ��0(M) for otp(v) = �0 < � and v 2 �<�(M). This allows us

to conclude that w 2 2
��+1
S 3

<�+1
H �<�+1(M) \ 3

��+1
H 2

<�+1
S �<�+1(M) =

Æ
�+1
4 �<�+1(M) � ��+1(M). By I.H. it follows that w 2 ��(M).

Remark 5.4 Lemma 5.2 remains valid if we replace 2S in the de�nition of

�(M) by an operator Q which has the form QM = 2S(M \ C) for some class

C � H(G).

We can go through the proof of Lemma 5.2 and see that all inferences remain

valid.

5.2 The Structure of H(M)

In this section we take a closer look at the structure of H(M). Speci�cally, we

provide a recursive de�nition of H(M) which is very similar to the construction

of �(M). This class is of central importance for our theory as it contains all

possible candidates for an extended use of an assertion. But the subsequent

sections do not depend on the results of the present section.

The �rst part of the following proposition shows again that the elements of

H(M) have an internal hierarchical structure: The complexity of the possibilities

w 2 H(M) nM is greater than at least one participant believes it to be. This

formed a basic motivation for the introduction of H(M). The second part shows

that all basic situations, i.e. all situations with complexity 1, must be elements

of M . Finally, the third part says that all possibilities in H(M) are grounded in

M .

Proposition 5.5 Let w 2 H(M). Then

1. If w 62M , then 9X 2 DP such that 8v 2 w(X) otp(v) < otp(w).

2. otp(w) = 1 _ w 2 w(S) \ w(H)) w 2M .

3. Let X 6= Y . If p is a function with p(0) = w, p(2n+ 1) 2 p(2n)(X), and

p(2n+ 2) 2 p(2n+ 1)(Y ), then there is an n 2 N with p(n) 2M .

Proof:

1. By (H1) there exists X 2 DP such that w 62 w(X). With (H2) it follows

for all v 2 w(X) that w 62 T (v), which implies otp(w) � otp(v) + 1.

2. If w 2 w(S) \ w(H), it immediately follows from (H1) that w 2 M . If

w 62M , it follows from 1. that otp(w) � 2.

3. It follows from 1. that otp(p(n + 2)) < otp(p(n)). Suppose that for all

n 2 N p(n) 62 M . Then, there exists an n with otp(p(n)) = 1. But then,

p(n) 2M , which contradicts the assumption.
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We can now give a characterisation of H(M) which shows that we can derive

this class by systematic application of the perspectival operators. Let

� 2��X M := 2XM \ _I�f ,

� 2<�X M := fw 2 _I�f j w(X) �M & 8v 2 w(X) otp(v) < �g.

Then, we de�ne for � > 1

d�1M := 2
<�
S M \2<�H M

d�2M := 2
<�
S M \2

��
H 2

<�
S M

d�3M := 2
��
S 2

<�
H M \ 2<�H M

d�4M := 2
��
S 2

<�
H M \ 2��H 2

<�
S M

We de�ne H1(M) :=M , H<�(M) :=
S
�<�H�(M). For � > 1 we set

H�(M) := H<�(M) [

4[
i=1

d�i H<�(M):

Let H1(M) :=
S
�H�(M).

Lemma 5.6 If M � _If is transitive, then H�(M) is transitive for all �.

Proof: We have to show that for all � w 2 H�(M) implies w(S) [ w(H) �

H�(M). By induction over �: For H1(M) =M the claim holds by assumption.

Assume that w 2 H�(M) n H<�(M). Then, suppose w(S) 6� H�(M). Let v 2

w(S)nH�(M). By introspection v(S) = w(S). As w(S)nH�(M) 6= ;, it follows

that w 2 2
��
S 2

<�
H H<�(M). Therefore v 2 2

��
S 2

<�
H H<�(M) \ 2HH<�(M) =

d�3H<�(M). Therefore, v 2 H�(M), which contradicts the assumption. The

case for w(H) is symmetric.

For the proofs of the following lemmas we need

Fact 5.7 Let X;Y 2 DP, X 6= Y and w; v 2 _If . If v 2 w(X), then T (v) =

w(X) [
S
u2v(X)

S
u02u(Y ) T (u

0) =: T 0(v).

Assume that w 2 H�(M) nM , v 2 w(X), and otp(w) = �. Then

1. otp(v) = �) w 2 2��X 2
<�
Y H<�(M),

2. 8u 2 T (v) (otp(u) = �) u 2 w(X)).

Proof: Clearly T 0(v) � T (v). As T 0(v) is transitive and fvg � T 0(v), it follows

from de�nition of T (v) that T (v) � T 0(v).

For the �rst point: If w 62 2��X 2
<�
Y H<�(M), then w 2 2<�X H<�(M). But

then otp(v) would have to be smaller than �. For the second point: w 2

2
��
X 2

<�
Y H<�(M), therefore, 8u 2 v(X) = w(X) 8u0 2 u(Y ) otp(u0) < �. Now,

it follows from the description of T 0(v) that u 2 w(X).

We again have an analogue of Lemma 5.2:

Lemma 5.8 Let M � _If be a transitive class with 8w 2M otp(w) = 1. Then,

8w 2 H1(M) otp(w) = �) w 2 H�(M).
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Proof: Assume that we have shown by induction that w 2 H<�(M)&otp(w) =

1 implies w 2 M . Suppose w 2 H�(M) n H<�(M), otp(w) = 1. Hence,

w 2 2
<�
S H<�(M) or w 2 2

��
S 2

<�
H H<�(M). Therefore, either 9v 2 w(S) v 2

H<�(M), or 9v0 2 w(S) 9u 2 v0(H)u 2 H<�(M). Due to the transitivity of

H<�(M) it follows that T (v); T (u) � H<�(M), and otp(w) = 1 implies that

w 2 T (w) = T (v) = T (u) � H<�(M). Hence, it follows by I.H. that w 2M .

Assume that � > 1, and that the proposition holds for � < �. Let w 2

H1(M), otp(w) = �. Then, for some  � � w 2 H(M). Let  = �+1. We �rst

consider the case where w 2 2
��+1
S 2

<�+1
H H<�+1(M), i.e. w 2 2

��
S 2

��
H H�(M).

Suppose that 9v 2 w(S)9u 2 v(H) otp(u) = �. Then w 2 T (u) by Fact 5.1,

and by Fact 5.7 it follows that u 2 2
��
H 2

<�
S H<�(M) because u 2 H�(M),

u 2 u(H) and otp(u) = �. It follows from the second part of Fact 5.7 that

w 2 u(H). Hence, w 2 2<�S H<�(M). But then it follows that otp(v) < �, and

therefore otp(u) < �, in contradiction to the assumption. Hence, 8v 2 w(S)8u 2

v(H) otp(u) < �. By I.H. it follows that 8v 2 w(S) 8u 2 v(H)u 2 H<�(M).

Together, this implies w 2 2��S 2
<�
H H<�(M).

Now, we consider the case w 2 2<�+1
S H<�+1(M). Then w 2 2

��
S H�(M).

Let v 2 w(S), otp(v) = �. Then v(S) = w(S) and v 2 2��S 2
<�
H H<�(M).

Hence w 2 2��S 2
<�
H H<�(M).

The case for H is symmetric. Therefore w 2 H�(M). For  > � + 1 the

proposition follows easily with the I.H.

Now we can prove the central claim, that the hierarchy of the H�(M) is

identical to H(M).

Lemma 5.9 Let M be a transitive subclass of T . Then, for all �: H�(M) =

H�(M).

Moreover, this claim remains valid, if we use only d�1 to d�3 in the above

construction of H�(M).

Proof: We prove the lemma by induction over �. We write H<�(M) forS
�<�H

�(M).

For � = 1 the claim follows by de�nition and Proposition 5.5. Assume

that � > 1, and that w 2 H�(M). If otp(w) < �, then w 2 H�(M) for

some � < �, and it follows by I.H. that w 2 H�(M). Assume otp(w) = �,

hence, w 62 M . Proposition 5.5 shows that w 2 2<�S H<�(M), or that w 2

2
<�
H H<�(M). If w 62 w(S) [ w(H), then w is an element of the intersection of

both classes, and therefore we �nd by I.H. w 2 2<�S H<�(M) \2<�H H<�(M) =

d1H<�(M). Assume that w 2 w(S). By introspection it holds that for all

v 2 w(S): v 2 v(S), hence, by Fact 5.1 and Proposition 5.5 that for all v 2

w(S)nM : v 2 2<�H H<�(M). Hence, w must be an element of2
��
S 2

<�
H H<�(M),

therefore w 2 2
��
S 2

<�
H H<�(M) \ 2<�H H<�(M) and with I.H. it follows that

w 2 d�3H<�(M) � H�(M). This proves that H�(M) � H�(M), and, moreover,

that d�4 was not necessary in the de�nition of H�(M).

Next assume that w 2 H�(M). If otp(w) < �, the claim follows by I.H. and

Lemma 5.8. Hence, assume that otp(w) = �, which implies w 62 M . We have

to show that (H1) to (H3) hold.

Suppose w 2 w(S) \ w(H). From w 2 w(S) and otp(w) = � it follows

by Fact 5.7 that w must be an element of 2
��
S 2

<�
H H<�(M), and therefore in

d�3H<�(M). But then, 8v 2 w(H) otp(v) < �, which contradicts w 2 w(H).
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Suppose next that there is a v 2 T (w) such that there exists an u 2 v(S)

with w 2 T (u). It follows by Fact 5.1 that otp(v) = otp(u) = otp(w) = �. But

then, it follows by Fact 5.7 that w 2 v(S).

Finally, w 2 H(M)) w(S); w(H) � H(M) follows by transitivity of H(M),

Lemma 5.6.

As H(M) is the largest subclass of _If where (H1) to (H3) hold, it follows

that H�(M) � H�(M).

In the last section we de�ned �(M) relative to the class H(G), where G

denoted the class of all possible basic dialogue situations, and M a subset of G

where it is really justi�ed to assert some sentence  . Now we have seen that

we can construct H(G) from G by a systematic application of the operators

2S , 2H , 2S2H and 2H2S . If e.g. w 2 Æ23M , i.e. w 2 (2
�2
S 3

<2
H M \3<2H M) \

(2
�2
S 2

<2
H G\2<2H G) = 2

�2
S (3<2H M \2<2H G)\(3<2H M \2<2H G), then this means

for the hearer that she must be convinced that the speaker can truthfully assert

that  and that she is convinced to be in a basic dialogue situation. For the

speaker it means that he is convinced that the hearer is in this state. We

will better understand the importance of the condition that the hearer has to

be convinced to be in a basic dialogue situation in the next section. There

we introduce elementary rationality principles. Especially, we will introduce a

sincerity condition for basic situations. It says that the speaker does not want

to mislead the hearer. Hence, for an assertion  this means that the speaker

can lie only if he thinks that the hearer believes him to be sincere. We will �nd

in Example (9) a case where the speaker can not make an assertion  although

 is true, the speaker knows that  , and it is mutual knowledge that both

interlocutors have only true beliefs. But it will not be an element of H(G).

6 Speaker's Goals

In this section we want to introduce representations for the goals of the speaker

into the possibilities. We model goals of a participant as a function mapping his

epistemic possibilities into subsets of all possibilities. The necessity to introduce

speaker's goals can be seen from the contrast between Examples (1) and (9),
Section 7. If we neglect goals, then the belief structures for the participants

would be the same but only in (1) the assertion is justi�ed8. Let M denote a

class of models for the possible outer situations.

� A possibility is a triple w = hsw; hw(S); G
w
S i ; hw(H)ii such that

{ sw 2M,

{ w(S) and w(H) are information states,

{ GwS is a function with: (1) domGwS = w(S), and (2) 8v 2 w(S)GwS (v)

is an information state.

� An information state is a set of possibilities.

We denote the class of all possibilities with representations for the goals byWG.

Transitivity of a class is de�ned in the same way as in Section 3: M � WG is

transitive i� 8w 2M 8X 2 DPw(X) �M . I.e. if w 2M , and ifM is transitive,

then the information states GwS (v) are normally not subsets of M .

8The axiomatic approaches discussed in Section 2 introduce also speaker's goals.
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For introspectivity we have to add a condition which guarantees that the real

goals of the speaker and those of all his epistemic alternatives are the same. Let

IG denote the largest transitive subclass of WG such that for all X 2 DP for

all w 2 IG

� 8v 2 w(X)w(X) = v(X),

� 8v 2 w(S)GwS = GvS .

We denote by _IG the largest transitive subclass of IG such that 8w 2 _IG 8X 2

DPw(X) 6= ;. We take TG to be the largest transitive subclass of _IG such that

for all w 2 TG

� w 2 w(S) \ w(H)

� 8v 2 w(S)GwS (v) � TG.

The second condition is a kind of sincerity condition, i.e the speaker does not

want to mislead the hearer. Example (9) will show that we need such a condition

for the basic situations.

The de�nitions of T (w), otp and H(M) remain the same as in the previous

sections except that W is replaced by WG. _IGf denotes the subclass of _IG
where otp is de�ned.

6.1 Rationality Constraints

We have to specify when the choice of an action is rational relative to a certain

goal. Our model does not allow to rank possible outcomes, so we can't expect it

to provide a real criterion for rational choice. Our goal{functions divide the class

of all possibilities into the class of possibilities where the goal is achieved, and

the class where it is not achieved. We formulate criteria which tell us whether

it is reasonable to choose an action as a means to reach the goal.

Assume that there are given a situation w 2 _IGf , a mutual update a and a

goal G(w) � _IGf . Let w be in the domain of a. We formulate two elementary

constraints:

(R1) w 62 G(w)

(R2) a(w) 2 G(w)

The �rst axiom claims that we should only perform an action if our goal is not

yet achieved. If it is, nothing should be done. The second axiom states that we

should only choose actions which allow us to reach our goal, i.e. the result a(w)

of the performance of a in w should be in G(w). We can also see that (R1) and

(R2) imply that a(w) 6= w.

Hence, if S decides to perform a in w, he should be sure that all his epistemic

possibilities are elements in M , i.e. w(S) � M . But this opens again the

possibility to derive new extensions of the original update. We can proceed

in the same way as in the previous sections. We just have to modify the 2

operator. Let M � _IGf be an arbitrary class. We de�ne:

[R]SM := fw 2 _IG j 8v 2 w(S) (v 2M & v 62 GvS(v) & a(v) 2 GvS(v))g

= 2S

�
M \ fv 2 _IG j v 62 G

v
S(v) & a(v) 2 GvS(v)g

�
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Remember that GwS = GvS for all v 2 w(S). Therefore, we could also have

written GwS instead of GvS in the de�nition of the operator. [R]SM is the class

of all possibilities where S is convinced that a can be performed successfully in

order to reach his goal, and where the choice of a is reasonable. This follows

because the axioms (R1) and (R2) hold by de�nition for all of S epistemic

alternatives. In the same way it follows that 3H [R]SM denotes the class of

all possibilities where H thinks it is possible that S can rationally decide to

perform the act a in order to reach his goal.

6.2 Update Operations for Derived Situations

For our construction to be of real use, we must be able to extend the domain

of a normal mutual update a to the whole of �(M). We assume that a class

G � TG of basic dialogue situations is given, such that a : M �! TG is

determined byM � G, and �(M) is de�ned relative hM;Gi. We call a function

a� : �(M) �! _IGf a mutual update which extends a, if:

� a�(w) = a(w) for w 2M ,

� a�(�) = fa�(w) j w 2 � \�(M)g for information states � � H(G),

� a�(w) =
D
sw; ha�(w(S)); G

a�(w)

S i; ha�(w(H))i
E
for w 2 �(M) nM ,

where

� G
a�(w)

S (a�(v)) = GwS (v) for v 2 w(S) \�(M).

We used the following ideas:

� The extension a� should be identical with a on M .

� In all other cases, the dialogue participants �rst update their belief states

with the information that an extended use of a is possible, i.e. they update

with the information that �(M). Then they proceed with the application

of a� to the remaining possibilities.

� We assume that the goals of the speaker S don't change by the perfor-

mance of a�.

It follows by de�nition of _IG that we must get G
a�(w)

S = G
a�(v)

S for all a�(v) 2

a�(w)(S). Therefore, we must have

G
a�(w)

S = G
a�(v)

S for v 2 w(S) \�(M):

We call a function a a normal mutual update for possibilities with speaker's goals,

if (NMU) holds, and if for w 2 D(a) G
a(w)

S (a(v)) = GwS (v) for v 2 w(S)\D(a).

Hence, our postulates amount to: a� should be the normal mutual update

determined by �(M), if a was a normal mutual update for M .

We can't directly de�ne a� by use of these postulates because the de�nition

of ��(M) presupposes that the extension a� is already de�ned for ��(M), and

that it is the normal mutual update determined by ��(M). We have to de�ne

�(M) and a� simultaneously by recursion over �. Hence, assume that ��(M)

and a��(M) are de�ned for � < �. We write a<� for the normal mutual update
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determined by the union of the ��(M), � < �. We have to show that [R]<�S N

and [R]��S 3
<�
H N are de�nable for N � �<�(M):

[R]<�S N :=

= fw 2 H�(G) j w(S) � N & 8v 2 w(S)(a�(v) 2 G
v(v) & v 62 Gv(v))g

= fw 2 H�(G) j w(S) � N & 8v 2 w(S)(a<�(v) 2 G
v(v) & v 62 Gv(v))g:

Hence, [R]<�S N is well{de�ned.

[R]
��
S 3

<�
H N :=

= fw 2 H�(G) j w(S) � 3<�H N & 8v 2 w(S)(a�(v) 2 G
v(v) & v 62 Gv(v))g:

Hence, w 2 [R]��S 3
<�
H N implies w(S) � [R]��S 3

<�
H N . This implies that

a�(w(S)) = fa�(v) j v 2 w(S)g. Hence,

(�) a�(w) = hsw; hfa�(v) j v 2 w(S)g; G
a�(w)i; ha�(w(H))ii:

We can assume that w 2 w(S), hence w(H) � 3
<�
H N . As a�jw(H) is de�ned

by I.H. it follows that a�(w) is uniquely de�ned by this equation9. Hence, we

can de�ne [R]��S 3
<�
H N . This gives us ��(M) and a�j��(M) as the unique

normal mutual update determined by ��(M). We have to check that a�j��(M)

is a solution for (�). Therefore, we show that we get in step � exactly all new

situations of complexity �.

Lemma 6.1 8 � � � � ��(M) = ��(M)

But this follows from Remark 5.4 because of:

[R]SN = 2S

�
N \ fv 2 _IG j v 62 G

v
S(v) & a(v) 2 GvS(v)g

�

This shows that a�j��(M) = a��(M) for all � < �. Therefore, it follows that

it is a solution for (�). Hence, this construction de�nes recursively a unique

extension a� simultaneously with �(M). We now want to check that a� is a

function from �(M) into _IGf , i.e. that introspection holds for a�(w).

Lemma 6.2 Let M � G � TG. Let a : M �! _IGf be the normal mutual

update determined by M . �(M) should be de�ned relative hM;Gi. Then a� is

a function from �(M) into _IGf .

Proof: If w 2 M , then a�(w) = a(w) 2 _IGf by assumption. Hence, let

w 2 �(M) n M . Let v 2 w(X) \ �(M). For v 2 M we �nd a�(v)(X) =

a(v)(X) = fa(u) j u 2 v(X)\Mg = fa�(u) j u 2 v(X) \�(M)g = fa�(u) j u 2

w(X) \�(M)g = a�(w)(X). If v 62 M it is clear that a�(v)(X) = a�(w)(X).

Hence, introspectivity holds for a�(w).

We summarise the result of this section as:

Theorem 6.3 Let M � G � TG. Let a : M �! TG be the normal mutual

update determined by M . Then, the class �(M) and the normal mutual update

a� : �(M) �! _IGf which extends a exist and they are uniquely determined.

9The last equation de�nes a system of equations, where the a�(v) for v 2 T (w) with

otp(v) � � denote new urelements which function as unknown parameters. (AFA) set theory

guarantees that it has a unique solution for all w. We can then de�ne [R]
��

S
3
<�

H
N as the set

of all w 2 H�(G) such that w(H) � 3<�
H
N and such that it holds for the solution a� of (�)

that 8v 2 w(S)(a�(v) 2 Gv(v) & v 62 Gv
S
(v)).
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6.3 The Mutual Justi�cation Problem

In this section we take another look at the constraints which are imposed on

the base cases by the perspectives of the dialogue participants. In Section 4.2

we argued that the speaker should be convinced that his assertion is successful,

and the hearer should know that this can be the case. Then, the speaker should

be convinced that both conditions hold, and the hearer should again know that

this is possible. We have argued that, in principle, we must impose these con-

ditions again and again. If M denotes the class where some sentence  is true,

then we denoted the class where its assertion is mutually justi�ed as rM . For

possibilities without speaker's goals we could provide a simple characterisation

of rM . In this section we will see that this is not possible if we add goals.

We can see that the condition for the hearer does not impose a real restric-

tion:

Proposition 6.4 For M � TG: M \3HM =M .

Hence, M \ [R]SM \3HM = M \ [R]SM: Let aM denote the normal mutual

update determined byM . With w 2 TG ) w 2 w(S) and introspection we �nd

M \ [R]S(M \ [R]SM) =

= M \ [R]Sfw 2M j w(S) �M & 8v 2 w(S)(v 62 GwS (v) & aM (v) 2 GwS (v))g

= fw 2M j w(S) �M \ [R]SM & 8v 2 w(S)(v 62 GwS (v) & aM (v) 2 GwS (v))g

= fw 2M j w(S) �M & 8v 2 w(S)(v 62 GwS (v) & aM (v) 2 GwS (v))g

= M \ [R]SM:

Hence, it would seem that we can again characterise rM as M \ [R]SM . But

the following example shows that this would not be correct:

(6) Helga calls up her son Stephan early on Sunday morning and asks him

whether he wants to visit her. They both know that Stephan would have

checked the weather at this time only if he needed an excuse for not

accepting the expected invitation. It happens that he knows that it is

snowing, and he does not want to let her know that he would prefer to

stay at home this day. Should he tell his mother that he can't come

because it is snowing in the mountains?

If we adopt the de�nition from Section 4.2 and de�nerM byM1 :=M\[R]SM ,

Mn+1 := Mn \ [R]SM
n \ 3HM

n, rM :=
T
n2NM

n, then the considerations

above show that M � TG implies rM =M \ [R]SM . In Example (6) it is true
that ( ) it is snowing in the mountains, and we assume that, if Helga learns

this fact, she will excuse her son for not visiting her, and that she can't know

whether Stephan likes to visit her or not. Hence, if M denotes the set of all

w 2 TG where it is snowing in the mountains, then the situation is an element

of M \ [R]SM , and we would predict that Stephan will be successful if he tells

her that  . But, of course, this implies that Helga also learns that Stephan

knows that  , hence she can conclude that he does not like to visit her, which

is an undesired result for Stephan. The problem is that the above de�nition of

rM does only capture the fact that the hearer learns  but not that she also

learns that the speaker knows that  and that it is reasonable for him to assert
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 , and that he knows that she knows this, etc. [R]SN was de�ned relative to a

given update operation a. We now make this dependency explicit. Let

JM N := fw 2M j w(S) � N & 8v 2 w(S)(v 62 GwS (v) & aN (v) 2 G
w
S (v))g;

where aN denotes the normal mutual update determined by N � TG. JM N

denotes the subclass of M where the speaker is convinced of N , and where

the update with the information that N leads for all his epistemic alterna-

tives to a desired situation. Hence, if [R]S is de�ned relative to aN , then

M \ [R]SN = JM N . If M is clear by context, then we write J instead of

JM . Our consideration is now as follows:

1. For the speaker to be justi�ed to assert that  in a situation w 2 TG, he

should know that  and he should be convinced that the conditions (R1)

and (R2) are ful�lled, especially, he should be convinced that the mutual

update with  always leads to a desirable situation. Hence, it must hold

w 2 J M .

2. This implies that they both can mutually learn that w 2 J M , therefore,

the speaker has also to be convinced that the mutual update with J M

leads to a desired state. Hence, w 2 J(J M). Example (6) shows that

J(J M) 6=M \ [R]S(M \ [R]SM).

3. This implies then, that speaker and hearer can mutually learn that w 2

J(J M). Therefore, the speaker has to be convinced that the mutual

update with J(J M) leads to a desired state. Hence, w 2 J(J(J M)).

These considerations can be iterated ad in�nitum. Hence, if the assertion of  

should be mutually justi�ed in a situation w, then w should be an element of

� rM :=
T
JnM , where J0M :=M , and Jn+1M := J(JnM).

The de�nition of J immediately shows that

Proposition 6.5 For all M;N � TG, n 2 N it holds that Jn+1
M N � JnMN .

Example (6) provides a situation w and a class M with w 2 J M n J2M .

Unfortunately, we can see that in general the inclusion is a proper inclusion for

all n (without proof):

Lemma 6.6 There is an M � TG such that for all n 2 N there is an wn with

wn 2 J
nM n Jn+1M .

For our applications we can use the following lemma to check whether a

possibility belongs to rM .

Lemma 6.7 If M � TG, w 2 Jn+1M , and if for wn := aJnM (w) it holds that

wn(S) = T (wn), then 8m > nw 2 JmM .

We �rst prove the following proposition:

Proposition 6.8 For N � M � _IG, ~N := aM [N ] we �nd 8w 2 N aN (w) =

a ~N (aM (w)).
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Proof: The relation uRv :, 9w 2 N aN(w) = u & a ~N (aM (w)) = v is a

bisimulation. Therefore, (AFA) set theory implies the identity.

Now, we can prove the lemma:

Proof: w 2 Jn+1M implies w(S) � Jn+1M , hence, T (wn) = wn(S) �

aJnM [Jn+1M ]. Therefore, we �nd with Proposition 6.8

aJn+1M (w) = aaJnM [Jn+1M ](wn)

= aaJnM [Jn+1M ]\T (wn)(wn)

= aT (wn)(wn) = wn:

Here we also used that in general aT (w)(w) = w and aN (w) = aN\T (w)(w) for

all w 2 WG and N � WG.

By induction, the same reasoning shows that the claim holds for all m > n.

7 Applications

We apply our theory to examples introduced in the previous sections. A possi-

bility w is a triple hsw; hw(S); G
w
S i ; hw(H)ii, where sw is a model for the outer

situation. As we are only interested in the truth or falsity of the sentence ( )

`It is snowing in the mountains', we use the respective formula to denote this

model. We denote by [ ] the set of all possibilities in TG where  is true.

We write aM for the normal mutual update determined by some M . We can

summarise the results of the last sections as follows:

� In a basic case an assertion that  must be mutually justi�ed. We denote

the class of all these basic situations by B = r[ ].

� The maximal class where the speaker can reasonably assert that  , and

the hearer interpret this assertion, is given by �(B) constructed relative

hB; TGi.

� The update e�ect is given by a�(B), the normal mutual update determined

by �(B).

Theorem 6.3 guarantees that �(B) and a�(B) are always de�ned.

The basic case is exempli�ed by Example (1). We can represent the utter-

ance situation w1 by the following equations:

w1 = h ; hfw1g; G
w1
S i; hfw1; v1gii

v1 = h: ; hfv1g; G
v1
S i; hfw1; v1gii;

i.e. it is the case that  , H does not know it but knows that S knows whether

 . The intended resulting state is described by the equation

s1 = h ; hfs1g; G
s1
S i; hfs1gii;

where Gs1S (s1) = Gw1S (w1). Hence, we assume that fs1g = Gw1S (w1), and ft1g =

Gv1S (v1), where t1 = h: ; hft1g; G
t1
S i; hft1gii, i.e. if  holds, then S wants that

they mutually know that  , and if : holds, then he wants that they mutually

know that : holds. We �nd that w1 62 Gw1S (w1), and s1 2 Gw1S (w1). Hence,
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w1 2 J[ ][ ]. Furthermore, s1(S) = T (s1) = fs1g and w1 2 J2
[ ]
[ ]. Hence, it

follows with Lemma 6.7 that w1 2 B = r[ ].

For a proof of aB(w1) = s1 we would need some more technique from (AFA)

set theory. The general properties of normal mutual updates imply

aB(w1) = h ; hfaB(w1)g; G
aB(w1)

S i; hfaB(w1)gii:

But this equation is structurally identical with the equation for s1. In (AFA)

set theory it is provable that the two equations then have the same solution.

Hence, the theory predicts that it is reasonable for S to say that  , and that

it will be successful.

In Example (2) the beliefs and goals are the same as in (1):

w2 = h: ; hfw1g; G
w1
S i; hfw1; v1gii:

Hence, it is an element of 2<2S B\3<2H B = Æ21B � �2(B). Hence, it is reasonable

for S to say that  , and the hearer will interpret his utterance in the same way

as in situation (1). Next, we consider Example (3).

w3 = h: ; hfw1g; G
w1
S i; hfw3gii:

Here, the information of the speaker is the same as in the basic situation w1,

and as in w2. But this time, the hearer knows that it is not snowing in the

mountains (: ), and she is aware of the entire dialogue situation. w3 is an

element of 2<2S fw1g \2
�2
H 2

<2
S fw1g � Æ22B � �2(B). The update of w2 and w3

with a�2(B) leads to s2 and s3, where

s2 = h: ; hfs1g; G
s1
S i; hfs1gii;

s3 = h: ; hfs1g; G
s1
S i; hfs3gii:

In the next example, Example (7), S is no longer sincere. He is lying success-

fully. It is a case where the belief state of the hearer is the same as in the ground

situation, and where the speaker knows this but knows also that  is not true.

The speaker can exploit this situation and deceive the hearer.

(7) Helga calls up her son Stephan and asks him whether he wants to visit her

in Munich. Stephan, who has absolutely no inclination to drive to Munich

this day, answers: \It is snowing in the mountains."

Now, the hearer updates as in the basic case, and the speaker updates only his

representation for the hearer's beliefs.

w4 = h: ; hfw4g; G
w4
S i; hfw1; v1gii;

with Gw4S (w4) = fs4g, where

s4 = h: ; hfs4g; G
s4
S i; hft1gii;

and Gs4S (s4) = fs4g. w4 is an element of 2�2S 3
<2
H fw1g \ 3

<2
H fw1g � Æ23B �

�2(B). We can see that a�2(B)(w4) = s4. Hence, the speaker should successfully

mislead the hearer.

Example (4) receives the following representation:

w5 = h: ; hfw4g; G
w4
S i; hfw5gii:
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I.e. the speaker remains in the same situation as in Example 7 but now the

hearer knows that the speaker wants to mislead him. w5 is an element of

2
�2
S 3

<2
H fw1g\3

�3
H 2

<3
S fw4g � Æ32fw4g � �3(B). We can see that a�3(B)(w5) =

s5 with s5 = h: ; hfs4g; G
s4
S i; hfs5gii. Hence, the speaker thinks that he has

successfully misled the hearer, and the hearer knows this.

The next example is a case where the hearer suspects that the speaker might

lie. We have seen in Section 2 that these examples are problematic for axiomatic

approaches with default rules.

(8) Helga calls up her son Stephan. She knows that he does not like to visit

her, hence, she suspects that he will not be honest. But she knows also

that Stephan can't know this. She asks him whether he wants to visit her,

and Stephan replies that it is snowing in the mountains. And, indeed, it

was not a lie.

w7 = h ; hfw1g; G
w1
S i; hfw7; u7; v7gii

u7 = h: ; hfv1g; G
v1
S i; hfw7; u7; v7gii

v7 = h: ; hfw4g; G
w4
S i; hfw7; u7; v7gii:

This is an element of �3(B), and the update with a�3(B) results in s7:

s7 = h ; hfs1g; G
s1
S i; hfs7; t7gii

t7 = h: ; hfs4g; G
s4
S i; hfs7; t7gii:

I.e. Stephan believes that they now mutually believe that it is snowing in the

mountains. His mother knows that this is the case, if it is really snowing,

and she believes that, if it is not snowing, he thinks that he could deceive her

successfully.

The following example shows that we need a sincerity condition for our

basic situations. In (9) it is common knowledge that the hearer thinks that the

speaker might lie.

(9) Helga calls up her son Stephan. The last time she invited him, he pre-

tended that he could not come because of the bad weather. They both

know that she will be suspicious this time, if he replies to her question

that it is snowing in the mountains.

w8 = h ; hfw8g; G
w8
S i; hfw8; v8gii

v8 = h: ; hfv8g; G
v8
S i; hfw8; v8gii;

where Gw8S (w8) = fs1g and Gv8S (v8) = fs4g. Clearly, otp(w8) = 1. But w8 is

not an element of TG because Gv8S (v8) 6� TG. Hence, w8 62 TG � r[ ] = B.

Therefore, it can't be an element of �(B). Without sincerity condition, i.e.

without the condition GwS (v) � TG for w 2 TG and v 2 w(S), w8 would be

an element of TG, and the general theory would predict that the hearer would

update his belief state with the information that  . Intuitively, Stephan has

to make clear that he is sincere, to make his mother believe him. I.e. they

mutually have to rede�ne Gv8S (v8) as t1, but this results in w1 and then, indeed,

the assertion of  will result in s1.
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8 Conclusion

I have argued that perspectives play an essential role in explaining how the use

of assertions can be extended. The essential idea was to start with a class of

basic, or prototypical situations, and then to extend the use from this basic class

by application of four operators which reect the four ways of how the partiality

of information can give rise to uses in new situations.

� The speaker can believe that the assertion is justi�ed.

� The hearer can believe that the assertion might be justi�ed.

� The speaker can believe that the hearer believes that the assertion might

be justi�ed.

� The hearer can believe that the speaker might believe that the assertion

is justi�ed.

We showed how general restrictions due to assumptions about rational behaviour

enter into this process. Technically, we represented the update potential of

assertions in basic dialogue situations with a normal mutual update operation.

In a basic case an assertion that  must be mutually justi�ed. If we leave

the speaker's goals out of consideration, we could see that it only means that

the speaker must be convinced that his utterance is successful. We motivated

a class H(M) of dialogue situations with internal hierarchical structure. It is

the central class where it is possible that perspectives could lead to extended

uses of assertions. The maximal class where the speaker can reasonably assert

that  , and the hearer interpret this assertion, is given by a class �(B). The

update e�ects of the extended uses are represented by the normal mutual update

determined by �(B).

The theory presented in this paper evolved out of our research concerning

the felicity conditions for the referential use of de�nite descriptions in dialogue

(Benz, 1999). There we used the same ideas to explain the referential use in

situations with arbitrarily complex belief structures. The present paper contains

a much improved description of the underlying mathematical structures. In

(Benz, 2000) we outlined on an informal level how the two papers combine to a

single theory of perspectives.
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